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Abstract

We derive a new criterion for evaluating over- or under-saving in over-lapping genera-
tions economies with both ex-ante and ex-post household heterogeneity. Our criterion,
which we call the Savings Wedge, nests the traditional ‘r vs. g’ (Golden Rule) criterion
as a special case, but accounts for how aggregate savings affects households’ exposure
to uninsurable risk and shifts the income distribution, and can be thought of as a risk
and redistribution robust Golden Rule criterion. A second-order approximation of the
Savings Wedge yields a tractable formula of measurable statistics. Using PSID data
from 1978 to 2024, we measure the Savings Wedge in the United States and compare
our measure to the traditional Golden Rule. The latter implies mild under-saving for
most of our sample as r>g. Relative to the Golden Rule, our criterion suggests sub-
stantially more under-saving, driven by both high levels of capital income risk and

capital income inequality being greater than labor income inequality.
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1 Introduction

What is the optimal amount of aggregate savings? That is, what does it mean for an
economy to be over-saving or under-saving, and what would we need to know to make this
determination? Knowing whether an economy is over or under-saving is crucial in designing
optimal fiscal policy — in particular policies like debt levels and inter-generational transfers
that shift the supply of aggregate savings. If we assume that households understand their
own private value of savings, then the answer to this question depends on whether there is
a wedge between households’ private value and the ‘social” value of savings.

The benchmark measure of whether an economy is over or under-saving is the Golden
Rule capital stock [Phelps, 1961]: the level of savings at which investment is equal to the
rate of return on capital.! Economies with savings rates above the Golden Rule capital stock
are dynamically inefficient: Saving less would be a Pareto improvement, as it would make
the current generation better off without making future generations worse off [Diamond,
1965]. Similarly, the so-called modified Golden Rule criterion allows for discounting the
welfare of future generations and states that the optimal gap between the return to capital
and investment should increase with this rate of discounting (Cass and Shell [1976]; Dixit
[1976]; Atkinson and Sandmo [1980]). In particular, if the economy is growing at constant
rate g, then the welfare of future generations can be discounted by (1+g), implying current
households should sacrifice less consumption to benefit future (richer) generations. In this
case, understanding whether we are saving above or below the Golden Rule level corresponds

2 Golden Rule criteria capture the trade-off between

to the familiar “r versus g” question.
consuming today and setting resources aside for the future, and have the advantage of being
both easy to understand and measure in the data (e.g. Abel et al. [1989]; Barro [2023]).

In this paper, we revisit the question of how to measure over-or under-saving in the
context of a model with rich household heterogeneity. In addition to over-lapping genera-
tions, our model features uninsurable idiosyncratic shocks to both labor and capital income
(ex-post heterogeneity), and permanent labor skill and investment return types (ex-ante
heterogeneity). Existing work has shown that models with rich heterogeneity can generate
savings behavior that pushes an economy above or below the Golden Rule capital stock.?
However, both uninsurable risk and systematic inequality change the welfare consequences

of savings, meaning that the classic Golden Rule may not be the appropriate criterion to

!Equivalently, is the marginal product of capital is equal to the depreciation rate? That is, “is the capital
sector on net a spout or a sink?” (Abel et al. [1989]).

2This question has attracted renewed attention in recent years, see for instance Blanchard [2019] or Barro
[2023].

3See for example classic studies like Aiyagari [1994] and Angeletos [2007] for ex-post heterogeneity, and
more recent work like Morrison [2026] for ex-ante heterogeneity.



evaluate over- or under-accumulation of saving in heterogeneous agent models (Davila et al.
[2012], Krueger et al. [2021]). In this paper, we aim to provide a parsimonious measure of
whether an economy is saving the socially optimal amount — analogous to a Golden Rule
criterion, but appropriate for heterogeneous agent models.

Specifically, we derive our measure of over- or under- saving directly by simply solving
for the marginal value of additional savings from the point of view of a utilitarian planner
who internalizes both the distributional consequences and risk externalities associated with
greater capital not taken into account by atomistic households. We refer to our measure as
the Savings Wedge. We show that in a simple over-lapping generations (OLG) model as in
Diamond [1965], this wedge corresponds to the modified Golden Rule criterion and implies

4 However, in a model with

over (under) saving whenever r is less than (greater than) g.
rich heterogeneity, in addition to dynamic trade-offs, our wedge also captures the impact
of savings on the intra-generational distribution of income, as well as the impact of savings
and investment on households’ exposure to idiosyncratic risk. Intuitively, a greater supply
of savings (and therefore a higher capital stock), pushes down rates of return and pushes
up wages. This both increases (decreases) aggregate exposure to idiosyncratic labor income
(capital income) risk, and redistributes income from capital owners to wage earners. The
savings wedge takes these forces into account and can therefore be thought of as a risk and
redistribution robust Golden Rule.

We then show that our savings wedge can be approximated by a simple formula com-
prised of a set of measurable statistics. We show that — to second order — the savings
wedge is approximately equal to the weighted sum of (i) the variance of both labor and
capital productivity shocks, (ii) the distribution of permanent labor and investment income
within a generation, and (iii) the distribution of permanent labor and capital income across
generations. These 3 terms correspond to the 3 primary components of the savings wedge:
uninsurable risk, intra-generational redistribution, and inter-generational redistribution. The
weights are intuitive functions of key parameters of the economy like the capital share, the
profit share, and the degree of risk aversion, as well as the Pareto weights assigned to types
and generations by the planner. We show that our formula’s basic structure is highly robust
to models with increasing realism and complexity, and take a version of our wedge derived
in a rich model to the data to see whether it alters the traditional r vs. g criterion, and why.

Using data from the Panel Study of Income Dynamics (PSID), we measure the savings
wedge in the United States from 1978 to 1993 and again from 2007 to 2022.> We decompose

changes in the savings wedge over time into the contributions of risk and distributional

4This holds exactly in the case of log utility.
SThese are the years in which data on capital income are available.



effects, and compare how our savings wedge criterion compares to the more traditional r vs.
g criterion. We also show the sensitivity of our measure of the savings wedge to the Pareto
weights assigned to different subgroups and generations.

Our preliminary estimates show that, relative to the traditional Golden Rule criterion
which implies that the U.S. was under-saving modestly for most of our sample and slightly
over-saving as real rates of return fell in the later years, our criterion suggests a much higher
level of under-saving, particularly in the earlier periods. This difference is driven by two
forces that the Golden Rule criterion ignores. First, throughout our sample, capital income
risk substantially exceeds labor income risk. Since more savings lowers equilibrium rates
of return, it reduces households’ exposure to capital income shocks while increasing their
exposure to labor income shocks. When capital income risk dominates, this shift is welfare-
improving, generating a positive risk channel that pushes the savings wedge above the Golden
Rule.

Second, throughout our sample, capital income is far more concentrated than labor in-
come: the richest households disproportionately earn their income through capital, while
lower-income households — who receive the highest welfare weights under our egalitarian
criterion — earn relatively more through labor. Because more capital raises wages and de-
presses returns, it redistributes income toward labor earners and therefore toward the most
highly weighted households. This redistribution motive is absent from the Golden Rule,
and its presence substantially amplifies the case for more saving relative to the traditional
criterion. As r falls relative to g in the later period, — and therefore the weight on younger
households falls — and markups compress the effective labor share, this redistribution mo-
tive weakens and eventually reverses, explaining why the gap between our criterion and the
Golden Rule narrows toward the end of our sample.

Finally, we test the validity of our approximate savings wedge formula by solving a
quantitative model calibrated to match the same steady-state moments used in the formula.
The quantitative model also allows us to perform policy counter-factuals. [Quantitative
results to be added.]

Framework and methodology. To highlight the key channels driving the savings
wedge, we start with a simple overlapping generations (OLG) model with 2 generations,
in which households work in a competitive labor market and invest in and operate their
own firms as entrepreneurs. We allow for ex-ante heterogeneity in both labor market skill
and entrepreneurial productivity. Households also face uninsurable shocks to their labor
productivity and entrepreneurial productivity. We use the terms entrepreneurial productivity

shocks and capital income shocks interchangeably. In the context of this simple model, we



solve the problem of an utilitarian social planner who discounts future generations at a
constant rate and can choose the level of savings of all households in the economy, taking
the existing distribution of skills and the incompleteness of markets as given. We label the
gap between the marginal value of additional savings from the planner’s point of view and
the marginal value from the point of view of individual households’ (their Euler equations)
as the savings wedge.

Our first result is that the savings wedge can be decomposed into 3 components. The
first is a risk exposure channel. By lowering equilibrium rates of return and increasing
wages, savings shifts the composition of all households’ income away from investment income
towards wage income, amplifying the effect of labor productivity shocks and dampening the
effects of capital income shocks. The second component is a redistribution term: the sum
of each permanent type’s share of labor income relative to their share of capital income,
weighted by their welfare weight.® This term captures the idea that higher wages and lower
rates of return redistribute income from capital earners to wage earners. Finally, the third
component is the expected welfare weight of future generations, and captures the traditional
modified Golden Rule trade-off.

We then take a second order approximation of the wedge around the non-stochastic equi-
librium. We show that for small shocks, the wedge is approximately equal to the weighted
sum of (i) the variance of the investment income shocks less the variance of labor income
shocks, (ii) each type’s share of total labor income relative to their share of total capital
income within the current generation, and (iii) the share of labor income of future gener-
ations. Intuitively, if the variance of capital income shocks is greater than that of labor
income shocks, more savings improves welfare by lowering overall exposure to idiosyncratic
risk through changes in factor prices. Furthermore, the greater the welfare weight of dispro-
portionate labor earners — in this case those with high Pareto weights, low incomes, or the
young — the higher the savings wedge.

Our formula also highlights key interactions between the risk and redistribution forces.
As capital income inequality grows relative to labor income inequality, this amplifies the re-
distribution channel, as high-income households tend to be disproportionate capital income
earners. However, this dampens the risk channel, as the welfare benefits of lowering exposure
to idiosyncratic capital income risk are concentrated among relatively high-income house-
holds with lower welfare weights. We show that effect of rising capital income inequality on
the savings wedge is therefore ambiguous.

We then solve a richer version of the simple model, adding multiple assets, monopolistic

firms, additional fiscal policy, and extend households’ life-cycle to an arbitrary number of

SHere, a type’s welfare weight is their population and Pareto weighted expected marginal utility.



periods, and re-derive the savings wedge in this model. We show that the approximated
version of the wedge retains the same structure as before — the weighted sum of the same
set of measurable statistics — but the additional model features simply change each term’s
respective weights. This richer formula can be taken to the data and measured over time.
We assume that the idiosyncratic income shocks are log-normally distributed, and use a fixed
effect panel regression to estimate the variance of these shocks. At the same time, we estimate
each households ‘permanent’ (capital or labor) income in a given year by estimating average
income in a rolling symmetric window around that year. Households are then put into age-
specific groups that reflect their labor and capital income percentile.” These estimates, along
with values for statistics like firm markups, aggregate growth rates, and risk aversion taken

from the literature, are plugged into the formula which is plotted over time.

1.1 Related Literature

Our savings wedge nests many forces already identified in the existing literature. For exam-
ple, the impact of greater savings on aggregate exposure to idiosyncratic labor income risk
is the key mechanism in Davila et al. [2012] and Krueger et al. [2021]. We show that a sym-
metric logic applies to capital income risk as in Angeletos [2007]. The effect of savings on the
distribution of income between households who earn mostly capital income and households
who earn mostly labor income also features prominently in Davila et al. [2012] and Morrison
[2026]. Our formula shows what moments in the data determine the relative importance of
each of these competing forces, but also reveals key interactions between these channels that
are obscured in models that consider only 1 or 2 of them at a time.

We are also related to the literature measuring dynamic efficiency in an attempt to
assess over or under-saving. Abel et al. [1989] ask if cash flows generated by capital exceed
investment in every sector and in every period, implying the economy cannot be dynamically
inefficient. Applying this criterion to the United States and six other OECD economies, they
find that capital income consistently exceeds investment, and therefore conclude that these
countries are not over-saving.

A more recent literature has revisited this question through the lens of the r versus g
comparison directly. Blanchard [2019], in his AEA Presidential Address, documents that
the US safe rate has been below the nominal growth rate for most of the postwar period
and argues that this is more the historical norm than the exception. As a result, the welfare
costs of reduced capital accumulation may be smaller than conventionally assumed. In

contrast, Barro [2023] argues that the relevant rate for the dynamic efficiency condition is

"For example, if a group might consist of all households in the 2nd quintile of labor income and the 3rd
quintile of capital income among households in their age group.



the average real return on equity rather than the risk-free rate: while rf < ¢ is common in
the data and does not by itself signal dynamic inefficiency, E(r¢) > E(g) is both necessary
for dynamic efficiency and consistent with the long-run evidence. Our paper complements
this literature by showing that even when r and ¢ are correctly measured, their gap is not
a sufficient statistic for evaluating the social value of aggregate savings in a heterogeneous
agent economy. Our savings wedge nests the modified Golden Rule as a special case but
adds risk and redistribution terms that can independently push the economy toward under-

or over-saving.

2 A Modern Heterogeneous Agent Framework

In this section, we solve a simple OLG model in which members of each household both
supply labor exogenously to a competitive labor market and invest savings into their private
firms as entrepreneurs. Households are grouped into permanent types that govern both their
expected labor productivity and entrepreneurial ability. Households also face idiosyncratic
uninsurable shocks to both their labor and entrepreneurial productivity. In this setting, we
consider the problem of a utilitarian social planner with the ability to dictate savings rates.
We define the gap between the marginal value of additional savings to the social planner
and the value to individual private households as the savings wedge. We decompose the
wedge into three distinct terms corresponding to risk, static redistribution, and dynamic
redistribution, and show that the wedge can be approximated by the weighted sum of a set

of measurable statistics.

2.1 The Economic Environment

Time is discrete and indexed by t = 0,1,...,00. We consider a one-sector production
economy with labor and capital inputs. There are two overlapping generations, young vy
and old o. Households are heterogeneous in two key dimensions: (i) their permanent ez
ante labor and entrepreneurial ability types, and (ii) their idiosyncratic ex post labor and

entrepreneurial productivity.

Households. In each period, a new generation of households is born that lives for two
periods. Households discount the future period at factor g € (0, 1). Preferences are defined

. y o0 . 2 K . .
over consumption (cﬁ, Cit +1) with a von Neumann Morgenstern utility function:

‘/J}t = “(C?,t) + ﬁE [U(C?,pﬂ)} y with o/ > O,u” < O, u'” > 0.



Households are grouped into a permanent type, j € J, with corresponding equal discrete

L
2J

labor to a competitive labor market when young, and ¢ when old. When young, households

measure w; = where ) ;wj = 1. Households exogenously supply 6;’ efficiency units of
can invest capital into their own private firm. However, households have no other savings
vehicle.® Type-j households have expected entrepreneurial productivity ¢;. The household

budget constraints are

c?

— Y
G0 = wili — Ky

(o} _ . . o
a1 = TjgrkKjpen + w167

where the general equilibrium wage rates are w, and wy;, private firm investment is k; ;41
with corresponding return r;.1, and € denotes ex-post idiosyncratic labor productivity. We
assume that e takes only positive values and E[e] = 1. The households choose kj;11, ¢,

and ¢

%141 to maximize lifetime utility, Vj; subject to their budget constraints.

Technology. The private firm of household type j produces with technology:

yie = Arf(kjs, ";‘l,t) = At(ijkj,t)a(n?,t)l’“ .

Here 1 is an idiosyncratic entrepreneurial productivity shock and ¢ is a type-j household’s
expected entrepreneurial productivity. Idiosyncratic capital risk, 1, takes only positive values
and E [¢] = 1. Importantly, ¢ is realized at beginning of period ¢ + 1 after capital k;,; 1 is

installed but before employment nj{t 1 is chosen. Profits are revenues net of labor costs:
Tie = A(WGks)* () ™ — wenf, .

Consequently, the net return on private savings is 7,:(1, ;) = m;./k;j; — . Entrepreneurs
choose their labor demand, n;»l’t to maximize profit, 7;; given their invested capital from the

previous period, k;; and the realization of their entrepreneurial productivity shock, .
Technological Growth. We assume A; grows at a constant exogenous growth rate, g.

Equilibrium. An equilibrium is a sequences of allocations, {{c,, ¢}, y; kj, n;{t}je J >0
and prices, {w; };>0 such that labor demand n¢, (and therefore y;;) maximizes entrepreneur

profit given k;; and ¢ and market wages, wy, ¢/

S0 €54 and kj, maximizes households’ lifetime

8This assumption on market incompletely is stark, and assumed only to emphasize the role of capital
income risk. We relax this assumption in the following section.



utility subject to their budget constraints, and labor and goods markets clear.”

Because we have assumed a constant returns to scale production function, and because all
entrepreneurs hire labor from a common labor market, individual rates of return can be
expressed in terms of the marginal product of aggregate capital. Without heterogeneity in
expected entrepreneurial productivity (type based returns), this formulation is exactly the

one proposed in Angeletos [2007].

Lemma 1 Private returns to savings are given by:

Tit = Tit _ 5 — WGiry—0, with 1 = akdInim
) k]’t
where k; = Zj wik;. is the aggregate capital stock and ny =), wj(9§-’ + 9;’) 1s the aggregate
labor supply. For a proof, see Appendiz X.

Lemma 1 says that returns can be written as the product of entrepreneurs’ idiosyncratic
investment risk (luck), permanent investment type (group fixed effect), and the marginal
product of aggregate capital (time fixed effect). In the absence of type-based returns, the
expression in the Lemma 1 corresponds to the idiosyncratic rates of return in Angeletos
[2007]. Here, returns depend on aggregate capital — and therefore on the investment decisions
of all other entrepreneurs — because all firms hire from the same competitive labor market.

Intuitively, by investing more, firms bid up the wage, curbing the returns of other firms.

2.2 The Social Value of Saving

In this section, we consider the marginal value of additional saving to a utilitarian social
planner who assigns Pareto weights, A; to all type-j households and discounts future gen-
erations at constant rate, v € [0,1). After substituting households’ budget constraints into

their utility functions, social welfare can be written as:

SW = Z fyt Z wj>\j <U (wat - kj7t+1)) + 5E |:’u <¢Cjkj,t+1rt+l + Ge?wt+1):| ) .
t=0

jedJ

dSW
7 dkj ¢

is equal to the sum of the direct effect on households’ private utility plus an indirect effect

The total marginal value of additional saving from type-j households born in period t

9Note that capital is not traded.



or wedge, ;41 through changes in factor prices.

ASW ,
= ”thj)‘j ( —u (Cj,t> + BriqGE {wu Cijtt1 }) E ijJ )7) Pt
dkj,tﬂ

where
art—l-ﬂ'

/(.0 oa t+7 8wt+T
Htyr = (;wj)\jﬁﬂi u (Cjt+7'> (ijkj7t+Tak +e€ (9] 8kt+7> +’YZU)])\ U ]HT)G;’ aktJr.,.)

The first term corresponds to a type-j households” Euler equation and captures the private

marginal value of additional savings. In any decentralized equilibrium, because households
are all optimizing, this direct effect of changing savings rates on household welfare is zero.
The second term captures the indirect effect of the change savings on social welfare. Each
type’s weight, w;(; governs the contribution of a type-j households’ savings to the aggregate
capital stock in period t+1, while the aggregate savings wedge, 7" i1+, captures the welfare
impact of a change in the future capital stock on market wages and on average rates of return
in period ¢ + 7.1° Individual households do not internalize these effects. When the savings
wedge is positive, more saving and capital would improve social welfare and we say that the
economy is under-saving. When this wedge is negative, the economy is over-saving. The
following Proposition summarizes the channels through which these changes in wages and

average rates of return impact welfare.

Proposition 1 The savings wedge, ;11 is proportional to the following.

o k; TC‘
Hiqr X Tt—&-TBij)‘j (E u'(c JHT) (9 (e—1)— %W’ - 1)) +
7 t+T1
idiosyn;rratic risk
o Gikjter I+
B (6000 (1 = L2455 ) | B G e 0
static rec?zgtribution dynamic r;;istribution

RRA

Note that along the balanced growth path, u'(c},,,) = u'(c},)(1+g)™"
(14 g)""""". For a proof, see Appendiz A.2.

= E[U'(C}{m)]ﬁ(l +

Proposition 1 tells us that changing aggregate savings impacts welfare through three

channels. The first term captures the effect of the change in factor prices on households’

OWith full depreciation (§ = 0), savings today only effects capital tomorrow.



exposure to idiosyncratic risk. Intuitively, an increase in capital generates an increase in the
market wage, and an off-setting decline in the aggregate rate of return. For a household
whose share of total labor income is equal to their share of total capital income, this shift
would have no effect on their expected income in the second period. However, these changes
would shift households’ exposure to their idiosyncratic labor and entrepreneurial productivity
risk. In particular, more capital increases exposure to labor income shocks through higher
wages and decreases exposure to entrepreneurial productivity (capital income) shocks. If
these shocks are drawn from different distributions, this shift will change the variance and
higher-order moments of total income.

The second term captures the effect of the change in factor prices on the distribution of
expected income within the current old generation. Higher wages and lower average rates of
return shifts income towards households who earn a greater share of their total income as a
labor income and a smaller share as capital income. If the planner puts greater social welfare
weights, v; = A\ju'(cj,) on certain household types, then this static redistribution term is
increasing in the labor income share relative to the capital income share of these households.
Intuitively, if the planner assigns equal Pareto weights to all types — and therefore low-income
households are assigned higher social welfare weights — then the static redistribution term
will be positive when capital-income inequality is greater than labor income inequality, as
low-income types earn a higher share of their household income as wages. If instead the
planner sets the Pareto weights to the Negishi weights — the weights that rationtionalize
the lasseiz-faire distribution of resources across types — then the generalized social welfare
weights are uniform and the welfare impact of redistribution is zero.!

Finally, the dynamic redistribution term captures the impact of more capital on the wages
and consumption of future generations. This term represents the gains from setting aside
more resources for the future, and is straightforwardly increasing in the weight assigned to
future generations by the planner, 7y. Because we assume the economy is on a balanced
growth path in which wages growth at constant rate, g, type-j households in the current
young generation have marginal utility equal to the marginal utility of the current on in
the previous generation, discounted by (14 ¢)" . In fact, in the Diamond [1965] model
with no risk, ex-ante heterogeneity, or second period labor, this dynamic redistribution term
corresponds directly to a modified Golden Rule criterion in a simple OLG model as in

Diamond [1965]. This result is summarized in Corollary 1.

! o
u (cj,)

1Tn particular, this would imply setting the Pareto weights such that /{\—J/ = T

10



Corollary 1 Suppose € and ¢ are constants, J =1, and 8° = 0. Then,

RR

1
fir4r > 0 iff. ;(1+g)" TSl =14 fiod.

For a proof, see Appendix A.2.2.

From Corollary 1 we see that, when household heterogeneity is removed, the savings
wedge captures precisely the same dynamic trade-offs that generates the Golden Rule capital
stock. As ~ approaches 1, whether p,., is positive or negative — and therefore whether the
economy is over or under-saving — collapses to a dynamic efficiency, “r versus g” criterion.
In particular, if v = 1 (no discounting of future generations) and we assume log utility,
then g, > 0 if and only if » > g. By comparing the savings wedge in Proposition 1 and
Corollary 1, we can see that the savings wedge nests the classic Golden Rule criterion, but
captures additional welfare impacts of savings generated by systematic labor and capital
income inequality and idiosyncratic risk. For this reason, our savings wedge can be thought

of as a risk and redistribution robust Golden Rule.

2.3 Discussion

Relationship to related literature. Proposition 1 shows how our framework helps unify
the existing literature on the over- or under- accumulation of savings and capital. Davila
et al. [2012] study the normative properties of a model with infinitely lived ex-ante identical
households and uninsurable idiosyncratic labor income shocks as in Aiyagari [1994]. As
households accumulate shock realizations, their start of period wealth begins to diverge. To
show the effect of this divergence, in Section 2.2 of their paper, the authors consider a 2-
period version of their model with initial heterogeneity in wealth. They show that whether
the economy is over- or under- saving depends on the strength of 2 opposing forces: a
‘pecuniary externality’ in which more capital and higher wages amplifies idiosyncratic risk,
and a redistributive force that redistributed from the wealthy to the non-wealthy.

These forces are nested by our savings wedge, and correspond to a case in which v = 0,
1 = 1is a constant, and 6; = 1 for all j. That is, a case without weight on future generations,
without capital income risk, and without ex-ante labor productivity heterogeneity, implying
wealth inequality is more severe than labor income inequality by construction.

In addition to nesting the forces operating in Davila et al. [2012], our framework —
which allows for ex-ante return heterogneity — clarifies that what matters for the strength
of the redistribution term is the degree of labor income inequality relative to capital income

inequality rather than wealth inequality per se. This is an important distinction given that
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the degree of capital income inequality appears to be more severe than wealth inequality in
the data [Gaillard et al., 2023].

Both Panousi and Reis [2021] and Park [2013] conduct normative policy analysis in a
model with idiosyncratic investment income risk as in Angeletos [2007] The model studied in
Angeletos [2007] and Panousi and Reis [2021] is nested by our savings wedge, and corresponds
to a case in which ¢; and ¢; are uniform, € is a constant, and v = 0. That is, a model without
ex-ante heterogeneity, labor income risk, or weight on future generations.'? Angeletos [2007]
answers a positive question: does investment income risk generate more or less saving relative
to an economy without it. The normative policy exercise conducted in Panousi and Reis
[2021] is closer in spirit to our exercise — their optimal capital tax is meant to address the over
or under accumulation of savings — but whether the optimal net tax is positive or negative
depends both on whether more savings would be welfare improving, and on whether a higher
tax would generate more or less saving.'® In contrast, our framework makes clear that, all
else equal, idiosyncratic income risk leads to under-saving.'4

Finally, our framework nests the literature on over- and under- accumulation of savings
in OLG models. As shown in Corollary 1, in the absence of idiosyncratic risk and ex-ante
heterogeneity, our model nests the classic Golden Rule criterion emphasized in Diamond
[1965].  Our model also nests the trade-offs present in Krueger et al. [2021] who study
optimal capital taxation in a model with idiosyncratic labor income risk and over-lapping
generations. Their benchmark model corresponds to a case in which v > 0, but € is a
constant, and both 6; and (; are uniform.

One important takeaway from Proposition 1 is that whether an economy is over or under-
accumulating savings depends crucially on both the nature of the income shocks households
face and on their joint distribution. Krueger et al. [2021] consider an extension with both
labor and capital income risk, but do not explore interactions between ex-ante heterogeneity
and risk or explicitly link the relative strengths of labor or capital income risk to moments
of the joint distribution of shocks. Furthermore, both Angeletos [2007] and Panousi and
Reis [2021] study the effect of idiosyncratic capital income risk in the presence of additive
income endowment risk. When aggregate capital increases, this dampens exposure to capital
income risk as average rates of return fall, but the subsequent rise in wages does not amplify
exposure to the endowment risk. In contrast, labor income risk in our model is multiplicative,

meaning that the welfare effects of the two types of risk push in opposite directions and could

121t should be noted that both papers include a riskless asset. We show in the next Section that the
presence of a riskless asset does not qualitatively change our results.

13That is, whether the income or substitution effects dominate.

14These papers have both a risky and riskless asset. In the following section, we re-derive our formula in
the presence of a multiple riskless assets and show that it is qualitatively the same.
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cancel one another out.

The advantage of our framework is that by unifying many studies int the existing litera-
ture into a single formula, we are able to both show how features of the economic environment
amplify or dampen each competing channel and to uncover key interactions between ex-ante
inequality and idiosyncratic risk. In particular, in Section 2.5 we examine how the effect of
rising capital income inequality — relative to labor income inequality — on the savings wedge
depends crucially on the relative severity of capital income risk compared to labor income
risk. Furthermore, our measurable formula will allow us to estimate the degree of over- and

under- saving empirically.!?

Efficiency vs. Redistribution. A non-zero savings wedge tells us that the level of capital
may both be inefficient and may generate a distribution of income that is too unequal relative
to the planner’s preferences. The presence of idiosyncratic risk is the source of the inefficiency.
By failing to internalize the effect of saving on factor prices, households impose a pecuniary
externality on other households. In particular, when capital income risk is higher (lower)
than labor income risk, savers fail to internalize that by saving more (less), they could reduce
aggregate exposure to risk.

The second two terms capture the planner’s pure redistribution motive. In other words,
it is possible to find Pareto weights {{\;};c, 7} that rationalize any distribution of expected
income such that both the static and dynamic redistribution terms are 0.!% In the absence of
idiosyncratic risk (when both € and v are constants), the savings wedge simply captures the
deviation of the Negishi weights that rationalize the equilibrium and the planner’s preferred

Pareto weights.

2.4 The Measurable Savings Wedge

In order to evaluate whether an economy is over- or under- saving empirically, we take a
second-order approximation of the savings wedge around the zero-risk equilibrium. Doing so
transforms the expression for p;,, from Proposition 1 into a formula of measurable statistics
and welfare weights that can be taken to the data. Furthermore, we can use our measurable
statistic formula to examine what features of the economic environment amplify and dampen
each component of the wedge. In Section XX, we re-derive the measurable saving wedge in
the context of a more realistic model, and show that the basic structure of our measurable

formula is highly robust to additional realism. Before presenting the formula, we first must

15Want this exercise to be in the same spirit as Abel Mankiw.
16The Negishi or market weights.
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define the coefficients of relative risk aversion and relative prudence, as well as our generalized
social welfare weights.!”

Definition. Define the coefficients of relative risk aversion (nff4)
(nPR) as follows (see Kimball [1990]):

and relative prudence

nthA = _ 1R (9]

nRPR = _E [¢f]

Definition. Define the general social welfare weight for type-j households v§ = A\;E[u/(c5,, )]

Along with the planner’s discount factor on future generations, these terms are crucial inputs

into the formula that determine the importance of risk and redistribution for social welfare.

Proposition 2 Suppose that the Cou(i,€) = 0. Denote aggregate output in period t + T
as Yii,. Then the second-order approximation of the savings wedge around the zero-risk

equilibrium is given by the following expression.

fusr = (I — a)ry . [/u + pr + /@1 ;

where the sub-components are given by:

_ RRA o Yiir (G 4 pon2
Wy =mn Zz/j—E o ] X | aw; | 2=—=—] Var(y) — (1 a)w](Gj) Var(e) | ,
J

[ Jt+T ktJFT

0 0 Kjiir 1 Var(c )
Hr = Z Vi (ngj — w;Gj ];’H ) (1 + 577RRA77RPR—3’H ,

J an E [CitJr‘r} i

o _ _RRA
155 zvz%«yj(l%—rt”)(l—l—g) 7Y

J

For a proof and to see a complete statement of the Proposition with Cov(,€) # 0, see
Appendix A.2.1.

The first term corresponds to the idiosyncratic risk channel in Proposition 1. As relative

risk aversion increases, the impact of shifting exposure to idiosyncratic risk on the savings

17Cite Saez and Stantcheva for this.
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wedge is amplified. This term is increasing in the variance of the capital income shocks
and decreasing in the variance of labor income shocks. As discussed in Proposition 1, by
increasing wages and decreasing average returns, savings increases households’ exposure
to labor income risk and decreases exposure to capital income risk. Now however, our
measurable formula tells us that what determines the relative strength of these two channels
(to second order) is the weighted variance of the two shocks.

As the labor share, 1 — « grows, households earn a lower share of total income through
capital and a greater share through labor, meaning that the welfare gains associated with
decreasing capital income risk exposure fall, while the welfare costs of increasing exposure
to labor income risk increase. All else equal, an increase in the labor share implies a smaller
savings wedge. The relative strength of the two income risks channels also depends on the
joint distribution of capital and labor income. The planner puts a higher weight on the
welfare of household types with a high social welfare weight, v; and a low share of total

E[C;?,tJrT

income, — ™ ! The higher the capital income share, % of highly weighted households,
the greater the importance of the capital income risk channel. Similarly, the higher their
share of total labor income, 67, the greater the importance of the labor income risk channel.

The second and third term correspond to the static redistribution and dynamic redistri-
bution terms in Proposition 1. Again, more savings and higher capital constitutes a redis-
tribution towards households who earn relatively more of their income in the labor market
rather than through capital investment. The higher the relative social welfare weight of
those types, the greater the welfare impact of this redistribution term. Similarly, the greater
the weight put on future generations, the greater the welfare impact of savings.

From the formula we can see the importance of both relative risk aversion and rela-
tive prudence in determining the degree of over or under-saving. As relative risk aversion
increases, the size of the idiosyncratic risk channel, p; increases. At the same time, the

RRA RPR amplifies the contribution of the welfare of type-j households to

the redistribution term. The product n®F4nfEPE captures both how much households dislike

RPR)'

product of n and n

risk (nfF4) and how the curvature of their marginal utility responds to uncertainty (n
Households facing more volatility relative to their expected consumption get proportionally

larger welfare weights in the redistribution term, pg.

2.5 Increasing Capital Income Inequality Relative to Labor In-

come Inequality

The measurable formula presented in Proposition 2 can help us understand how shifts in the

economic environment over time change the relative magnitude of each of the components

15



of the savings wedge. One notable change in the United States in recent decades has been
the increase in the severity of capital income inequality relative to labor income inequality.
We can use our formula to ask how this shift affects the degree of over- or under-saving.'®

Consider the effect of a small increase in capital income inequality: a redistribution of
capital income shares away from household types with lower-than-average shares of capital
income towards households with a higher-than-average share, keeping aggregate capital and
the distribution of labor productivity unchanged. Below, we show that the impact of such
a change on the savings wedge depends on (1) the magnitude of capital income risk relative
to labor income risk, and (2) the current degree of relative income inequality; here we define
relative income inequality as the covariance between households’ total income (and therefore
their consumption) and their share of total capital income relative to their share of total
labor income. This term captures the severity of capital income inequality relative to labor
income inequality — when this term is high, ‘rich’ households have a disproportionately higher
share of total capital income. *

We first consider the effect of an increase in capital income inequality on the idiosyncratic
risk exposure term, ;. Intuitively, this term is the welfare weighted-sum of households’ net
exposure to risk. Receiving a greater share of capital income simultaneously lowers a house-
hold’s welfare weight (by increasing their expected consumption), but also concentrates ex-
posure to capital income risk relative to labor income risk (a concentration effect). Which of
these two forces dominates determines the impact of an increase in capital income inequality
on fiy.

In the absence of relative inequality, each type’s share of capital income is the same
as their share of labor income. As a result, all households have the same net-exposure to
idiosyncratic risk: a change in factor prices would increase the variance of all type’s income in
a proportional way. Given this even exposure to risk across types, the overall importance of
the idiosyncratic risk channel is determined by the severity of total income inequality. When
total income inequality is higher — that is, the variance of consumption is greater — the
consequences of changing households’ exposure to risk are amplified. Through a reweighting
effect, an increase in capital income inequality increases the degree of total consumption
inequality, and amplifies the benefits (costs) of greater capital when the variance of v is
greater (smaller) than the variance of e.

If at the same time there was already substantial consumption inequality before the

change, more capital income inequality would unambiguously make p; more negative, as it

80ne notatble study of the rise of capital income inequality relative to labor income inequality in the
United States since xxx is... (cite)
19 A zero covariance (no relative inequality) implies that 4311::7:?1 = 0; for all j. A high correlation implies

that households with high over-all income are disproportionate capital income earners.
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would further concentrate net risk exposure among households with lower incomes — and
therefore higher welfare weights. Intuitively, the benefits of reducing the exposure to capital
income risk are concentrated among households whom the planner now ‘cares less about’.
Whenever 1 < 2/a — 1, the absolute magnitude of this concentration effect is greater than

the reweighting effect. These results are summarized in Proposition 3.

Proposition 3 Suppose \; = 1 for j € J, n < (2/a —1), and Var(E[c},,]) > 0. Define
X C J as the set of all types with higher than average capital income. Consider a small
change in the distribution of capital income, {A;}je; such that 32, A; =0 and A; > 0 for
all j € X7 and A; <0 for all j ¢ X7,

kt+19j ’

If C’01J(Cjkj’Hl ]E[c;tﬂ]) = 0, then the total change in the idiosyncratic risk term, duy < 0.

For a proof, see Appendix A.3.

Intuitively, Proposition 3 tells us that for an egalitarian planner facing no relative in-
equality, as long as the concentration effect outweighs the reweighting effect, an increase in
capital income inequality always decreases the idiosyncratic risk channel. If however, relative
inequality were high — and therefore capital income risk was already heavily concentrated
among a small subset of households — further concentrating this risk would be costly to the
planner.?’ For sufficiently high levels of capital income risk, this would imply that the plan-
ner would put more welfare weight on these high-risk-exposure types, and therefore assign
greater importance to reducing capital income risk. As a result, the effect on u; of greater
capital income inequality would be ambigous.

We can also use our measurable formula to examine the impact of the increase in capital

income inequality described above on the redistribution term, pg. Assuming an egalitarian
planners facing some overall income inequality, the effect of increasing capital income in-
equality relative to labor income inequality on the redistribution channel is summarized in
the following proposition.
Proposition 4 Suppose \; = 1 for j € J and the Var(E[c§,,,]) > 0. Define X" C J as the
set of all types with higher than average income. Consider a small change in the distribution
of capital income, {A;}je; such that 32, A; =0 and A; >0 for all j € XH and A; <0 for
all j ¢ X1,

If any of the following conditions are satisfied:

20That is, the increase in expected income and consumption from an increasing capital share is not worth
the increased variance of income.
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(i) Cov(cﬂ ”gl,E[C;Hl]) =0,
(i1) C’ov(gJ ]tgl,E[c?’tH]) >0 and Var(y) < =2Var(e) ,

(i11) C’ov(C7 ’tgl,E[c;?’tH]) < 0 and Var(y) > =2V ar(e)

then the change in the redistribution term, dug > 0.

For a proof, see Appendix A.3.

Proposition 4 provides sufficient conditions under which increasing capital income in-
equality increases the redistributive effect of aggregate savings. In the absence of relative
inequality, all types have the same net exposure to idiosyncratic risk and therefore an increase
in capital income inequality relative to labor income inequality unambiguously amplifies the
redistribution effect. When relative inequality is positive — the rich are disproportionate
capital income earners — but labor income risk is more severe than capital income risk, lower
income households have higher net risk exposure. The same is true when relative inequality
is negative and capital income risk is more severe.

In all three cases, households with lower expected income also have income that is at least
as variable as that of higher income households. As a result, the planner buts unambiguously
higher weight on these households. Greater capital income inequality then implies that
aggregate savings redistributes a greater amount from low-welfare weight types towards high
welfare weight types, increasing ug.

Note that the conditions outlined in Proposition 4 are sufficient but not necessary. Even
if high-income households have greater net risk exposure — as would be the case if capital
income risk were more severe and high income households were disproportionate capital
income earners — it may still be the case that increasing capital income inequality relative to
labor income inequality amplifies the redistribution channel. However, for sufficiently high
levels of capital income risk, further concentrating capital income among high income types
may actually dampen pg, as the high variance of these households’ income would lead the

planner to weigh these households more.

3 A More General Model

In this Section, we re-derive the savings wedge in a more general setting with additional

savings instruments, a general life-cycle of arbitrary length, fiscal policy, and market power.
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Doing so gives us a measurable formula whose components have closer analogs in the data.
We show that, even in a more general environment, the savings wedge is driven by the same
three forces: idiosyncratic risk, static redistribution, and dynamic redistribution, and that
the measurable savings wedge is simply a re-weighted version of the formula presented in

Proposition 2.

3.1 The Economic Environment

Households. In each period, a new generation of households is born that lives for H
periods. Preferences are defined over consumption at each age h € {1,2,..., H}, (C?,t with a

von Neumann Morgenstern utility function:

A
Vi = Zﬁhu(cﬁt%) . with o« >0,u" <0,u">0.
h=0

Households at age h exogenously supply 9;1 efficiency units of labor to a competitive labor
market. In addition to investing capital, k;{t 4 into their own private firm, households can
invest capital, k;'} 1, into a public corporate sector through a financial intermediary and can
save and borrow in a one period bond, b;{t 4, Households are subject to a linear labor tax,
Tr+ on their labor income and a capital tax, 7, on their capital income. Households’ period
budget constraint at age h is now given by:

C;'Z,t—i-h =(1- Tﬁ,t+h)9?€wt+h - b;‘l,t+h+1 - kyc',];+h+1 - k?,t—i—h-&-l + (1 = 7o) (1 + Tf+h)b?,t+h

(L) B+ (U4 Taen) Kl n) -

Final Good Firm. A competitive final good firm aggregates goods from intermediate

goods firms who produce differentiated varieties i € [0, 1] with the following CES production

N
Yy = </yitp dl) .
I

Intermediate Goods Firms. Let A; be aggregate productivity. Both private firms run

function.

by entrepreneurs and the corporate sector produce intermediate goods to sell to the final
goods aggregator using both labor and capital. Entrepreneurs investing k;; into their private

business and earn the private stochastic return r;;, which we derive below. Entrepreneurs
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producing variety-i operate the following production function with productivity shock, ;.
« afpd —a
Yija = Ae(vy)” (i) (€5,

A competitive intermediary pools capital invested into the corporate sector one period in
advance and invests it in corporate firms. These firms produce variety ¢ using labor and

capital according to the following production function:
?Jf,t = At(kz'c,t)a(g(ti)l_a .

After corporate firms produce, they return the un-depreciated capital to the competitive
intermediary who transfers the un-depreciated capital to households along with a share of

corporate firm profits proportional to their investment, £ ,.

Technology growth. As before, we assume that aggregate productivity grows at constant

exogenous rate, g.

Government. The government uses tax revenue to pay interest on its debt, B; and to

fund government spending, G, i.e.:

Gt + T?Bt,1 = Tkt(bt'l"? + ijk“rj’t + ktc'f’tc) + Tt Wt + Bt . (2)
J

Equilibrium Definition. To be added.

Definition. We define aggregate capital, k; as follows:
ke =Y wiviks + k.
J

Lemma 2 (Returns and Wages) Private returns to savings are given by:

ﬂ'.
S L _ a—1pl—a
T =T Y(ry, where ry = ok
jit

)

Corporate returns, ry = r, and real market wages, w; = %1(1 — a)kfl; " For a proof, see

Appendixz A.4.1

From Lemma 2 we can see that monopolistic competition drives a wedge between wages

and the aggregate marginal product of capital. Note however that because households man-

20



age their private firms, the markup does not appear in the rate of return on capital. Corpo-

rate capital and bonds both return the same risk-free rate of return.

3.2 A Measurable Savings Wedge

As before, we consider the marginal value of additional saving to our egalitarian social
planner and again define our savings wedge as the gap between households’ private value

and the social value of savings. The new planning problem is given by equation XX.

Proposition 5 Assume the economy is currently on the balanced growth path. Define the

auziliary welfare weights defining v;, = )\ju’(E[cft])E[gH] and D V ' = Vj 1+§77RRA77RPR%C:]§)) ,
J 7

and denote the inverse of the monopolists’ markup, M = %. Then the second-order ap-

prozimation of the savings wedge around the zero-risk equilibrium is given by the following

ETPTESSION.:

uow‘(mﬂm) ,

where

X > (g ) (awjvmw(wy—<1—a>ijar<e>(99<1—n)M)z

v(1+
_l’_
(Ma+a— ) 1 —71)(1 =) jQ?CijCOU(EW)) ,

k
e WG Wikl Wb
NR—ZZA}Z( QM) (wjeya_mM_( jk]j+ ka +%)(1_Tk) .

For a proof, see Appendix A.2.1.

From Proposition 5, we see that the measurable savings wedge maintains the same ba-
sic structure as in the simple model — an idiosyncratic risk term and a redistribution term
— but with richer weights. The idiosyncratic risk term now weights the variance of cap-
ital income shocks by the welfare-weighted sum of after-tax capital income shares for all
types across generations. Similarly, the variance of labor income is weighted by the sum
across types and generations of after-tax shares of labor income, discounted by the markup.
Intuitively, because monopolistic pricing generates a wedge between the market wage and
worker’s marginal product, dampening the impact of addition capital on wages. We also

allow for a non-zero covariance between households’ labor and capital income.
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The redistribution term is now the welfare-weighted sum across types and generations
of households’ after-tax labor income share, discounted by the markup, less their total after
tax capital income share. Households’ capital income share includes fixed income and public
capital income alongside private capital income. Note that we have consolidated the static
and dynamic redistribution terms into a single term accounting for both intra- and inter-

generational redistribution.

Corollary 2 Suppose there is no idiosyncratic risk, tazes, markups, and no ex-ante hetero-

geneity within generations. Then the measurable savings wedge simplifies to:

fL OXT - iR,

where

=3 () 0~ ) 3)

R= T A REA h— Znl,
— \(1+g)
wiCikh

and where Oy =3 w]ﬂ;‘ and Zp, =), %k] denote the total population-weighted labor and

capital income shares of generation h, respectively.

Equation (3) is reminiscent of Corollary 1, which shows that without risk or ex-ante
heterogeneity, assuming that the young work and the old live off capital income, the savings
wedge collapses to an r vs. g criterion. Here, if we restricted h € (0, 1) and allocate all labor
income to the young and all capital income to the old, we recover this criterion.

In the following section, we take the measurable formula in Proposition 5 as well as the
simplified formula from equation (3) to the data to see how the savings wedge has evolved
over time, to account for the forces driving these changes, and to compare our criterion to

the traditional r vs. g measure.

4 Measurement

In this section, we measure the savings wedge over time using a combination of existing

estimates from the literature and our own estimates.

A central empirical question in measuring the savings wedge is the appropriate measure of
the return to capital, r. We consider two alternative measures. The first is the (annualized)
real yield on 10-year US Treasury bills as in Blanchard [2019]. The second is the average real

rate of return on equity. As documented in Barro [2024], these three measures can diverge
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Table 1: Statistics from the Literature

Statistic Description Value Source

nfPE  Coeff. relative prudence 1+7nRRA Kimball [1990]

phiA Coeff. relative risk aversion 1-5 Chetty [2006], Barsky
et al. [1997]

M Inverse markup De Loecker et al. [2020]

Th Capital income tax rate 0.4 Mendoza et al. [1994]

Ty Labor income tax rate 0.3 Mendoza et al. [1994]

r Return to capital Shiller [2026]2

Capital share .33
g Growth rate BEA NIPA

substantially — particularly in recent decades as the bond rate has fallen while average
returns to capital have remained relatively stable — implying that the dynamic efficiency
assessment is sensitive to which concept of r one adopts. We use the 10-year bond rate as our
baseline, but present results under both measures and discuss the sensitivity of the savings

wedge to this choice.

Our data come from the Panel Survey of Income Dynamics (PSID), a longitudinal panel
survey of several thousand US households and their descendants starting in 1968. The data
include information on household labor income as well as household holdings of and income
from various types of assets. We include all households in our sample, with no additional
sample selection criteria. For each variable of interest, we use the PSID computed household
aggregate if it exists, or otherwise construct the variable as the sum of head and spouse sub-
measures. As the PSID questionnaire varies over time, certain measures of income and wealth
are not available for the entire duration of the panel. In particular, wealth information is only
available in 1984, 1989, 1994, and 1999 onward, expenditure information is only available
from 1999 onward, and asset income is missing between 1995 and 2003. All measures are
transformed into 2017 USD using the PCE price index and we apply no additional truncation
or winsorization.

Household labor income is constructed as the sum of head and spouse labor income,
excluding business income. Asset income is constructed as the sum of head and spouse farm,
business, rent, interest, dividend, room and board, trust and royalty, market gardening, and
other asset income. We define total capital income as aggregate asset income, and the risky
component as business income specifically. Transfer income is constructed as the sum of
social security income and all transfers excluding social security. Wealth is taken directly

from household net wealth. Consumption expenditure is constructed as total expenditure
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less flow payments for mortgages and property taxes.

For the years from 2003 onward, both total capital income and its business income com-
ponent are directly observable in the PSID, allowing us to compute each age-type j group’s
share of business income relative to total capital income. For earlier years in the sample,
the PSID does not separately identify business income. As a result, we cannot estimate the
variance of idiosyncratic business income shocks. In these years therefore, we impute risky
capital income shares for each age-type j group by multiplying the group’s total capital
income by its average business income share estimated from the later sample and fix the
value for the variance of 1 at it’s initial value in the later sample. Table 2 presents the
sampling-weight adjusted summary stats for the full sample, as well as the first and last year

labor and asset income are jointly available.

Table 2: PSID Summary Statistics

Full Sample 1976 2023
HH Labor Income 47.981.55  37,959.98 58,733.16
HH Asset Income 5,503.73 4,017.68 4,838.18
HH Asset Income (Risky) 2,734.81 - 1,839.77
HH Transfer Income 9,050.05 5,194.83  13,801.45
HH Consumption 31,087.75 - 35,395.88
HH Wealth 361,859.21 - 473,435.31
Head — Age 48.84 45.80 53.39
Head — Male 0.70 0.72 0.68
Head — Years of Schooling 12.90 11.67 13.73
HH — Married 0.50 — 0.43
HH — Number of Children 0.68 0.92 0.49
Observations 306,002 5,861 9,152

4.1 Empirical Strategy

Our first objective is to isolate the ‘permanent’ component of a households’ labor and capital
income in order to group them by permanent income types.?? In order to do this, we follow
Straub (2019) and construct symmetric moving averages for each individual household for

each type of income. In particular, for individual 7, income type y, age h, time t, and window

W, we define:

22This corresponds to ex-ante types, j, in our model.
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t+W;1

ghe = >yt (4)
w-—1

T=t—

P

We construct these symmetric averages using both W =5 and W = 9 for years in which
both labor and asset income are jointly present: 1976 to 1993 and 2005-2023. The measure
is only constructed for observations in which data are available for the entire window. Note
that since the PSID switched from annual to biennial in 1999, the same window length
contains fewer observations in the later period than the earlier one. We refer to g;hW as a
household’s permanent labor income when y is labor income, and their permanent capital
income when y is capital income.

We then use these symmetric averages to group households into permanent income groups
depending on which percentile their permanent capital and labor income falls into for house-
holds of their age in their year. In particular, we calculate quintiles of both types of income
for a particular year for each 10 year age group between ages 25 and 65. An income group
for households in a particular age group in a particular year is a permanent labor income
quintile-permanent capital income quintile pair, with the bottom 2 capital income quintiles
grouped together. Because households who are older than 65 are less likely to work, we
maintain the same 4 capital income groups for the 65 to 74-year-old group and the 75 and
older age-group, but collapse the labor income groups into 3 groups: those with no labor
income, and those with above or below median labor earnings for over-65-year-olds in that
year.

Once households are assigned to permanent income groups for their age and year, we
calculate several key statistics for each group: in particular, we calculate each group’s (i)
population share, (ii) share of total labor income, (iii) ‘risky’ capital income as a share of
total capital income, and (iv) total income shares. These shares correspond to the statistics
in Table 1 where we use total income shares as a proxy for consumption shares.??-24

Figure 1 plots the evolution of labor income shares over time for each permanent income
quintile, while Figure 2 plots the evolution of capital income shares. From the figures, it
is clear that both substantial labor income and capital income inequality are present in
the data, and that the share of the highest quintiles rises in the later years of our sample.
However, there is substantially more capital income inequality as measure by the top quintiles
share of total income. In the period between 1978 and 1993, the top quintile controlled

around 80 percent of total capital income, rising to 90 percent in the years after 2005.

23This exercise is analogous to the one performed in Kekre and Lenel [2025].
24For the years after 2005, data on consumption is directly available and we calculate consumption shares
for each group.
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Figure 1: Labor income shares by permanent labor income quintile
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Figure 2: Capital income shares by permanent capital income quintile.
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Because households’ labor and capital income quintiles are highly correlated, this implies
that lower income households will tend to be disproportionate wage earners while higher
income households will be net capital income earners. This then implies that lower (higher)
income households will contribute negatively (positively) to the idiosyncratic risk term, but
positively (negatively) to the redistribution term. Therefore, whether these terms are positive
or negative depends on the welfare weights assigned to each permanent income group, v;
and D'

Our second objective is to estimate the variances of the idiosyncratic shocks ¢ and €. To
do this, we run separate panel regressions of log risky capital income and log labor income
on individual fixed effects, year fixed effects, and an age trend. The age trend coefficient
is allowed to vary by permanent income type j, where type is assigned based on the group
a household belongs to at the beginning of the sample window in which they are observed.

Formally, for household 7 of permanent type j and age h in year ¢, we estimate:

log yir = o + v + 55 - hir + €t (5)

26



where o; are individual fixed effects, 7 are year fixed effects, and f; is a type-specific age
trend. The residuals €;; correspond to logv;; and log €, for capital and labor income respec-
tively. Because the log transformation is particularly sensitive to values near zero, which
are likely to reflect measurement error rather than true income realizations, we restrict the
regression sample to households with strictly positive income above a minimum threshold.?
Assuming log-normality of the underlying shocks, we can recover estimates of Var(t) and
Var(e) from the variance of the estimated residuals via the standard log-normal relationship

Var(z) = e#t7°/2(¢® — 1), where o2 is the variance of the log residuals.

4.2 Preliminary Estimates

We begin by estimating the wedge for a social planner who sets egalitarian welfare weights,

vj = m where E[c;] is the expected consumption of type-j households over all ages over
J

all shock realizations. These weights are then normalize so that they sum to 1. We use the

annualized 10-year real treasury bond rate as our baseline measure of the real rate, .26

Figure 3: Savings wedge over time under egalitarian welfare weights.
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Figure 3 plots the savings wedge over time for both 4 = 1 (no discounting) and v = .5.
From the figure, it is clear that shifting the Pareto weight put on future generations has a
substantial impact on the savings wedge. When generations are weighted equally, the wedge
suggests substantial under-saving, while when young generations are heavily discounted,
the wedge suggests slight over-saving. Intuitively, these results are being driven by the
redistribution effect. The young are disproportionate labor-income earners in our PSID

data, benefiting from the higher wages associated with greater capital. Conversely, the old

25Specifically, we drop households with annual labor or capital income below $1,000 (in 2017 USD) before
taking logs.

26The measure of the annualized 10-year treasury bond rate come from Shiller [2026] and can be accessed
at shillerdata.com.
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are disproportionate capital income earners, and are negatively impacted when their existing
savings earn lower returns as aggregate capital increases.

To understand the drivers of the savings wedge over time, we decompose the wedge
for the v = 1 case with egalitarian welfare weights into the risk and redistribution sub-
components. Figure 4 shows that the idiosyncratic risk term, p; is positive throughout our
sample, implying that the contribution of the reduction in idiosyncratic capital income risk
dominates the contribution of exacerbating labor income risk. This may seem surprising,
as with egalitarian weights, the welfare of disproportionate labor income earners is given
more weight than capital income earners. Despite this, the degree of capital income risk
is substantially higher than labor income risk throughout the sample, generating a positive

contribution of additional aggregate capital to idiosyncratic risk exposure.

Figure 4: Decomposition of the savings wedge into risk and redistribution.
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Figure 4 also shows a large positive redistribution term in the early years of the sample,
that turns negative in the later years. Given that permanent income groups who are on
average higher wage earners with lower capital income shares have higher welfare weights,
we would expect the increase in wages associated with more capital to generate a uniformly
positive redistribution term. However, the decrease in the redistribution term can be at-
tributed to the decline in r vs. g during this period. Recall from the discussion in Section
2.2 that, as r declines relative to g, younger generations’ welfare is discounted more heavily
than older generations. Because the young tend to have higher ratios of labor income shares
to capital income shares relative to the old, rising r relative to g implies less welfare weight
on wage earners.

To put the size of our savings wedge in context, we solve for the implied savings wedge in
a model without ex-ante inequality or idiosyncratic risk. The black line is our savings wedge
calculated in the 2-period economy as in Diamond [1965], which corresponds to our Corollary

1. In this case, the wedge exactly reflects an r vs. g ‘Modified Golden Rule’ criterion, and is
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Figure 5: Savings wedge vs. Golden Rule
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positive — implying under-saving — whenever the annualized real 10-year bond rate is greater
than the real annual growth rate. The green line is the analogous expression, but calculated
in our richer model with 6-age groups in which each generations’ labor and capital income
shares reflect the average shares estimated in our sample.?” This is equation 3 from Corollary
2. The orange and blue lines correspond to our savings wedge, calculated for both egalitarian
welfare weights, and for ‘Lasseiz-faire’ welfare weights, in which 2; = 1 for all households.?®

From the figure, it is clear that our wedge amplifies the conclusion that the United States
was under-saving in years between 1978 and 1993, and even generates a slight under-saving
result in the later years when r is much closer to g. Under the Laisseiz-faire weights, all
permanent income types are given the same welfare weight, dampening the redistribution
term, as only the welfare benefit of inter-generational redistribution remain in the term.
However, because the welfare of ‘rich’ high-capital income households are no longer so heavily
discounted, the welfare benefits of reducing capital income risk are amplified, leading to an

even larger under-saving result than in the egalitarian case.

4.2.1 Capital-skill complementarity

To be added.

2TRecall that in Diamond [1965], the young are assumed to earn all the labor income and the old assumed
to earn all the capital income.

Z8These are closer to Lasseiz-faire or Negishi weights in which the Pareto weights A; are set to eliminate
the redistribution motive.
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5 Conclusion

This paper derives a new criterion for evaluating over- or under-saving in economies with
rich household heterogeneity. Our Savings Wedge nests the classic Golden Rule as a special
case but extends it to account for how aggregate savings affects households’ exposure to
idiosyncratic risk and the distribution of income. A tractable second-order approximation
renders the wedge measurable from standard household panel data, decomposing it into a
risk channel, a redistribution channel, and a dynamic efficiency channel. Applied to PSID
data, our estimates suggest that the U.S. has been substantially under-saving relative to
our criterion for most of the sample period — a conclusion that the traditional Golden
Rule criterion would largely miss — driven by the dominance of capital income risk over
labor income risk and the higher levels of capital income inequality relative to labor income
inequality.

Our findings also illuminate how structural changes in the U.S. economy over recent
decades have reshaped the forces driving the savings wedge. The secular rise in markups
since the 1980s has compressed the effective labor share, weakening the redistribution motive
for additional saving, while rising capital income concentration has reinforced it. These
forces have increasingly offset one another, gradually eroding the wedge toward the end of
our sample. More broadly, our results suggest that evaluations of optimal aggregate savings
based on Golden Rule criteria may substantially understate the social value of saving in
economies characterized by high inequality and uninsurable idiosyncratic risk, and that the
welfare consequences of savings policy depend critically on the joint distribution of labor

and capital income across households.

30



References

Andrew B. Abel, N. Gregory Mankiw, Lawrence H. Summers, and Richard J. Zeckhauser.
Assessing dynamic efficiency: Theory and evidence. Review of Economic Studies, 56(1):
1-19, 1989.

S. Rao Aiyagari. Uninsured idiosyncratic risk and aggregate saving. The Quarterly Journal
of Economics, 109(3):659-684, 1994. ISSN 00335533, 15314650. URL http://www. jstor.
org/stable/2118417.

George-Marios Angeletos. Uninsured idiosyncratic investment risk and aggregate saving.
Review of Economic Dynamics, 10(1):1-30, January 2007.

Anthony Atkinson and Agnar Sandmo. Welfare implications of the taxation of savings.

Economic Journal, 90(359):529-49, 1980.
Robert J. Barro. r minus g. Review of Economic Dynamics, 48:1-17, 2023.

Robert J. Barro. Is the U.S. economy dynamically efficient? Working Paper 32933, National

Bureau of Economic Research, 2024.

Robert B. Barsky, F. Thomas Juster, Miles S. Kimball, and Matthew D. Shapiro. Preference
parameters and behavioral heterogeneity: An experimental approach in the health and
retirement study. Quarterly Journal of Economics, 112(2):537-579, 1997.

Olivier Blanchard. Public debt and low interest rates. American Economic Review, 109(4):
1197-1229, 2019.

David Cass and Karl Shell. Introduction to hamiltonian dynamics in economics. Journal of
Economic Theory, 12(1):1-10, 1976.

Raj Chetty. A new method of estimating risk aversion. American Economic Review, 96(5):
1821-1834, 2006.

Jan De Loecker, Jan Eeckhout, and Gabriel Unger. The rise of market power and the

macroeconomic implications. Quarterly Journal of Economics, 135(2):561-644, 2020.

Peter A. Diamond. National debt in a neoclassical growth model. The American Economic
Review, 55(5):1126-1150, 1965.

Avinash K. Dixit. Optimization in economic theory. Oxford University Press, 1976.

31


http://www.jstor.org/stable/2118417
http://www.jstor.org/stable/2118417

Julio Dévila, Jay H. Hong, Per Krusell, and José-Victor Rios-Rull. Constrained efficiency
in the neoclassical growth model with uninsurable idiosyncratic shocks. Econometrica, 80
(6):2431-2467, 2012. ISSN 00129682, 14680262. URL http://www.jstor.org/stable/
23357232.

Alexandre Gaillard, Christian Hellwig, Philipp Wangner, and Nicolas Werquin. Consump-
tion, wealth, and income inequality: A tale of tails. Working Paper Series WP 2023-43,
Federal Reserve Bank of Chicago, Dec 2023.

Rohan Kekre and Moritz Lenel. The transmission of monetary policy and the wealth distri-

bution. Working paper, 2025.

Miles S. Kimball. Precautionary saving in the small and in the large. Econometrica, 58(1):
5373, 1990.

Dirk Krueger, Alexander Ludwig, and Sergio Villalvazo. Optimal taxes on capital in the olg
model with uninsurable idiosyncratic income risk. Journal of Public Economics, 201(C):
None, None 2021.

Enrique G. Mendoza, Assaf Razin, and Linda L. Tesar. Effective tax rates in macroeconomics:
Cross-country estimates of tax rates on factor incomes and consumption. Journal of

Monetary Economics, 34(3):297-323, 1994.
Wendy Morrison. Redistribution and investment. 2026.

Vasia Panousi and Catarina Reis. A unified framework for optimal taxation with undiversi-
fiable risk. Macroeconomic Dynamics, 25(6):1331-1345, September 2021.

Yena Park. Optimal taxation in a limited commitment economy. The Review of Economic

Studies, 81(2):884-918, 10 2013.

Edmund S. Phelps. The golden rule of accumulation: A fable for growthmen. American
Economic Review, 51(4):638-643, 1961.

Robert J. Shiller. U.s. stock markets 1871-present and cape ratio. Online data, http:
//www.shillerdata.com, 2026. Accessed: 2026.

32


http://www.jstor.org/stable/23357232
http://www.jstor.org/stable/23357232
http://www.shillerdata.com
http://www.shillerdata.com

A Appendix

A.1 Proof of Lemma X

The individual entrepreneurs profit is:
Tt = At(ijkj,t)a(n?,t)lia - n;'l,tw

Labor demand is:

Aggregate labor is given by:

l—« é 1 ) 1—« é 1
Et:< ” ) Ata;wjgjkj,t/@z)dz:( ” ) Ark,

Then we can derive the equilibrium wage:

0% = (1 — a)Aw; (k)
Then wages are given by:
wy = Ag(1 — )l kY
Then an individual investors returns are given by:
Tjt

T AWk (g )™ = ndw, = AppGak l = = ¥(my
75

A.2 Proof Proposition 1

Social welfare is given by:

SW = Z f)/t Z wj)\j <u (93wt - kj7t+1)) + ﬁE |:U <w§jkj,t+1rt+1 + e@?wtﬂ)} ) .
t=0

=0 jeJ
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The derivative of social welfare with respect to k;y1 is given by the following expression:

dSW . T
= wiNi| —u'(c] E u' (8 ; T T —
dkj 41 wj] ( (e + 5 [Tt(ﬂw“ <Ca,t+1)D + G ;:0 Ve s

Where the term p, is:

art-‘rﬂ' o awt—l-T awt—‘rT

[isr — 6;&}‘7)\]1@4 |:U/I(C§7t+7') (ngk‘]7t akt+7_ + 663 ak‘t+7 ):| + Py;wj)\ju/(czt—l-’r) akt+7 9.2;

Yir1
kiy1

. _ a—=1_1l-a __
Using re11 = Apiakiyng ' = o

(constant along the balanced growth path) and w; 1 =

A (1 — @)k n % = (1 — a) XL (which grows at constant rate g), we obtain

e

kt-l—T

1/ o o k j,t+T /
fpe = (1 Oz)mT{B S W AE [u (0,0) (eej _ g Rt )] Y whu <c;~{t+7>e;’}
J J

Adding an intelligent zero inside the first term gives us

i = (= @ 8 DB 1) (e~ 1065 = (0= DGR )

i kt+‘r
/1( 0 o k'» T
+B8) wiNE {U (¢ 44-) (9j - Cjﬂﬂ
i

+7 Z Wj)‘jul(cjy,tw)e?}

J

Next, we note that along the balanced growth path, wages w; grow at constant rate g, imply-
ing that the present value of resources for the current young wy11 = (1 + g)w;, the resources

available to the current old. Because preferences and rates of return remain constant along
the BGP:

u’(q";{t) - 5(1 + T)UI(C§7t+1) e C?,tJ,»l — (6(1 + T))l/nRRACy

7,t
CO 1 1/,)7RRA
2L g — <1 N (B(1+7)) = wyb;

P14y 147
w0, _ (B
— C?,t:®(rj)7 q)(’l"):1+ 1+T
wy1 = (14 gJwy = ij',t+1 =(1 +9)C?,t
_RRA _ _RRA _RRA _ _RRA
= U'(C?,m) = (C?,t—f—l) ! =(1+g)" (Cg,t) ! =(1+g)™" u/(cé”t)
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RRA

Therefore, we have that the final term, upg = 7> wiA;(1 + g)™" "u'(c],). Using the

households’ Euler equation to sub-in for u'(cf,) = (1 +r)Bu'(c},;,), we have that the final

term is given by:
o 1+7r
B E /\ju’(Cj,t+1)0§'/ (W)

Before we proceed, let us state the following auxiliary result.

Result 1 Consider the expectation of the product of two functionals of random variables,

i.e., E[f(x)g(2)]. Assuming g(u.) =0, to second order, we have

F" (1) g () (@ = p1)? + (1) g (1) (@ — ) (2 = prz) + %f(ux)g”(uz)(z — p)?]
= f ( x)g/<:u2) COU(QJ,Z) )

[\DI)—\

where the last line follows from g(z) = z with ¢'(p.) = 1, ¢"(p.) = 0 and g(p.) = 0.

First Term: Using the second period household budget constraint, i.e., ¢, = V(T 1kj 1+
09wy, 1, with E [ §t+1} = (Terakjesn + 00wy, f(c;’-’tﬂ) = u’(c§7t+1), and z = (e — 1)6’;-’ —

(v —1) ]k,g L we obtain:

- u"(E [C?,HJ )COV (ijTt-Hk'j’t_;'_l + EQJO-th, 69 @DC] ]jtﬂ) ’
t+1

where we can write

Cov (ijTt+1kj,t+1 + 0wy, €07 — Y ]{J;Hl)
t+1

k.
= [(0;-))211115—&—1} Var(e) — |:(Cjkj,t+1) £t+1:| Va I‘(Q/}) -+ |:9;ert+1kj,t+1 - (9?wt+1<j k]:,t+1:| COV(E, w>
t+1 t+1

— Vi (1 )8V - o (C—) Var(y) + (2a - DS Covle, ) |

ktJrl ktJrl
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Second Term: To second order, we obtain

) 0 k} 0 k} / 0 1 " 0 o
E {U (Cj,t—H) (9;‘ Y ]Hl)} ~ (Qj =G ]tH) {u (E [Cj,t+1]) + 5“ (E [Cj,t—i-lbvar(cj,t—i-l)}

which can be simplified to

k; k; 1u”(E [¢9,41])
E /(9 09 — ¢ ”*1)} ~u'(E [ (90._ : ”*1) {1 S L Var(¢f }
|:u (C],t+1) ( J C] kt+1 u ( [Cj,t—‘rl]) i Cj kt_l,_l + 2 U/(E [C‘?J_i_l]) a’r(cj,t+1>

k; 1 Var(c?
= u/(]E [C‘?’t_t,_l}) (9]0 - C] ],t+1> {1 + _nRRAnRPR ( ],t—l—l)} :

K1 2 E [C;HI] 2

RRA )

where we have defined the coefficients of relative risk aversion (7 and relative prudence

(nBFR) as follows (see Kimball 1990, ECMA):

u"(E [C?,HJ )

e ) T
u"(E |2
nRPR = _ [C?7t+1:| ( |: j,t+1]) > O .

u'(E [C?,tﬂ] )

Moreover, we can compute the variance of consumption according to

Vaf(cg,m) = Var(Y¢;rir1kj1 + 69;wt+1)

=Y? {a2 (m>2\/ar(¢) + (1 — a)?(89)*Var(e) + 2a(1 — a)@omCOV(e w)}
=Y j j ;

t+1 t+1
A.2.1 Measurable Savings Wedge

Substituting in all approximated terms, the measurable savings wedge is to second order

given by:

piv1 ~ (1 — Q)re1 B\ ppe + tre + trm|
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where the sub-components are given by:

Yin
E [c‘?

HpE & ZWJ')‘J'”RRAU,(E [¢5141])
_7,t+1]

J

t+1 t+1

kf+1

HRE = ZMJAU J,H <9 71+1)

1 + 217RRA ntPR Yir ) [ G ]Hl) Var(y) + (1 — oz)z(@;’)QVar( )+ 2a(1 — (34)0"<]k]tJrl Cov(gw)] }

E ]t+1 ki1 t+1
1+7r
HFH = Z)\ u'(E[c3 1)) (W)v

A.2.2 Proof of Corollary 1.

Assume as stated in the Proposition that second period labor is 0, and that all ex-ante
heterogeneity and risk is eliminated. By construction, then #Y = 1. Then the expression

from Proposition 1 becomes:

fhpr X Tyr ( —u/(})B + # /<C%’)>

(1 + g)nRRA u

Plugging in the Euler equation, evaluating the above at v = 1 and log utility gives the result.:

—1
ut+Tocrt+Tu’(c;§’)( + )

1+rt+‘r 1+g

A.3 Interaction of the risk and redistribution effects.

Suppose that the Cov(1, €)=0. Then the second-order approximation of the savings wedge

around the zero-risk equilibrium is given by the following expression.

pag1 = (1 — )1 [HJ + pur + ,UD} ;
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where the sub-components are given by:

jr = @nRRAZmex( (@ *) Var() — (1 — @)(67)*Var(e >>

[ Jt+1] Fii1
Var(c?,.4)
= oy . t+1 nRRA RPR—JtH
,UR—BZMJDJ( G bt ( B ]2>
J 7,641

KD —’VZWJ yey

Definition. Define the two auxiliary welfare weights:

Yy
~ +1
I/j:V

’ WjE[C?,tH]

1 Var
p;=v| 14 _nRRAnRPR (c ]t+12)
2 E [f4]

Note that p; can be written in the following way:

2
_ gpRA Z V]< (wgCJ ]t—l—l) Var(y) — (1 — a)(wj05)2var(e)> = BnfthA Z ;82

kt—f—l

where €} is defined as:

0, = (a(m)vaw (- a)(wje;fv@r(e))

Kt

Similarly, ur can similarly be written as:

s
pr =B v (95 - St J’m)
j

ket

A.3.1 Derivative of u; and upr to changes in the capital income distribution

Consider a set of infinitesimal changes to the distribution of capital income, (;k; +A; where
> ;A = 0, leaving off time subscripts for simplicity. We will characterize the distribution
of changes, {A;};c; below.

For notational simplicity, we denote ¢; = E[¢§,, ]
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Solve for dyi;.  Consider small changes A; to capital holdings (;k; such that Z;}:l w;A; =0
(preserving total capital K). The first-order change in i is:

a
Apy = ZA ’“ => (QJA@J- + @jAQj)

J

u'(¢)Yiq1
w;jCj

Since 7 = \; , we have:

o A Y [u()Ag - ¢ —u(¢)Ag
Al/j = o 02
J J
;Y1 Ac; '(¢;
_ H'-l' G [UH(CJ-) U (CJ):|
w;Cj Cj
AN YirA; "(¢;
_ 7 Hjlpr" J [U/I(Cj) _u (CJ):|
w;Cj Cj

The change in (2; is:

AQ; = aVaT(l/J)%QCj/{:j

The change in p; can be decomposed into a re-weighting effect and a concentration effect:

AMI Alurewelght + Alu?oncentr

Where the reweighting effect is given by:

A rewelght ZA Aj Y;erITQ ( (C) o U/(Cj))
= wjCj ’ Cj

And the concentration effect is (assuming uniform w;):

J ~ J ~
20zVa7“ (V) D jw2Ck; w viw;iCik;
concentr _ § R E J72)53
= K2 = QOéVCL’I“(’QD)? . A]T
: ]:

Note that when relative inequality is 0 but absolute inequality is not, we have that:

Var (—Cjkj’tH i) =0 and
kiy1 0,

Var (C?,t+1> >0
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This implies that % = 0; and therefore that % is the same for all household types (in-
J
tuitively, households capital income share = their labor share = their consumption share).

Therefore we can write the the reweighting term as:

reweight Q d ) TU,(C]') __RRA
Apiy T2 Z Aj- ( n 1)

Because A; > 0 for those with high (;k; and therefore high ¢; and low «'(c;), the
reweighting term is unambiguously negative when aVar(y) < (1 — a)Var(e). Intuitively,
when labor income risk is more severe than capital income risk, the idiosyncratic risk term is
negative, as higher wages and lower average returns amplify risk exposure. When households
with a high welfare weight are given an even smaller share of capital income, this amplifies
their net exposure, making the impact on welfare through idiosyncratic risk even more
severe. If capital income risk is more severe, then further concentrating risk among high
income households and removing exposure from low income households improves welfare
and increases fi;.

The sign of the concentration term in this case is unambiguously negative, as Apgoneents

is given by:

Yier wiGkjiq
A concentr x JSivg, A 'LL < O
/’[‘ E[C§7t+1 kt+1 Z ] t+1]>

Where here we again use the fact that in the case with no relative inequality, all households

have the same ratio between their capital income share and their consumption share.

Let Q = aVar(y) — (1 — a)Var(e). Then the total change in u; can be written as:

J
, rQnRRA +1)  2aVar(y
=1

Whenever (2 is negative (labor risk dominates), this change is unambiguously negative.

Whenever the following condition is met:

1

Then the term is unambiguously negative as well. For @ ~ 3 and n < 2 this condition is

satisfied.
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Solve for dup. We can write up as:

UR = ﬁ(mean(ﬁj)mean (ij;-’ - M) + Cov (ﬁj, (wﬂ;’ — M)))

kt+1 kt-{—l

= Cov (z?j, (wje;? - %))
t+1

Note that here, we're using the fact that the average difference between the share of labor
income and the share of capital income is by construction equal to 0. Then we need to
calculate the difference in p; and the difference in pg after a given change in the capital

income distribution.
This term is easier to sign. If we can establish conditions under which 7; is higher for
already low income households, then giving more capital income to high income households

straightforwardly increases the above Covariance.

Expanding out the 7; term (again assuming 0 Covariance):

2 2
Vi = vj (1 + lnRRAnRPR (EEZ;%) [@2 (M) Var(¢y) + (1 — 04)2(9;)2\/&1"(6)

2 J,t+1 ktJFl

)

If as in the text, we assume no relative inequality, then:

Sl _p yje
K1

In this case, 7; o< v; and high-income households have unambiguously higher ©;. In this

case, the change in the capital income distribution {A;};c; assumed above would unambigu-

: ; : - o _ wiGikj 41
ously increase pug by increasing Cov (VJ, (wﬂj ))

ki1

A.4 General Model Results.
A.4.1 Proof of Lemma 2

The final good firm’s problem is a standard problem whose solution implies that firm n’s

demand and the aggregate price level are given by the following expressions.

Dnt - 1 flp
Ynt = (7) ye  Pi= ( / pm—"di) (6)
t
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Private entrepreneurs. Private businesses earn the private stochastic return r;;, which
we derive below. Entrepreneurs operate the following production function with productivity
shock, 1. We define the nominal wage, W, = w;P;.

i = () (k) (€5,)
For a given capital stock, k;;, entrepreneurs profit in period t is given by:
i = it (Y)Y — Wtéit + Pk (1 —06)

Solving for labor demand as a function of v, the nominal wage W, and k;, :

apjt ayjt
L9y ) 222 W= 0
(ayj,t Yia T Pit ) pd, ~ Ve

Plugging in the production function and the firm’s demand function and dividing by P; gives:

(M) Byt (1 = ) ) () =

((M) (- a)w#) R}

Where we assume that all firms set the same price in equilibrium (verify this!)*. Using the

labor market clearing condition to solve for the equilibrium wage:

b= wild, + 05
J
— wy = p(l — ) (kf + ij'l/jk‘j’t> I
J

Subbing the expression for labor demand in, we can write (real) returns as:

‘ =1 — o)\ ° M(1 — :
TW((#) _wt(M) >+1_5
gyt Wy Wy

1—a

1
1 o apl—a 1 @
o= n(gem) -0 () +1-0

rie = Ukt T 41— 6

290r just assume that prices have to be set in expectation
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Here, we define aggregate capital, k; as in the text:

ke = (ij /Iijfjt + kicjt)

Corporate sector. A financial intermediary pools together equity from a measure of cor-
porate firms and offers the return r{. The rate of return on capital invested in the corporate

sector, inclusive of profits, is:
c __ a—1pl—«a
ri =aky 0T +1 -9

Deriving the bond interest rate. We can use (i) the bond market clearing condition,
(ii) households’ bond Euler equations, (iii) and the no-arbitrage condition between capital

and bonds to derive an implicit function of the bond market.

A.5 Deriving the general savings wedge.

Now the social welfare function is given by:

) A
SW = Z & Z Wi ( Z ﬁhE[u(c?,Hh)])
t=0 h=0

jeJ
subject to:

hooo_ h h ch h b \1h
Cion = (U= Toon)0feween — b7 iy — K iinin — Ko + (0= Toern) (L4 7 0)05 0 + T2

+(1+ rtc+h)kgc‘§+h + (1 + Tj,t+h)k?,t+h)
re=ak 1 -6 ry=aduv k18w = p(l— o)k

We assume that B, = B and that a uniform lump-sum tax, G; absorbs any changes in

revenue.

The total marginal value of additional saving from type-j households born in period t,

dSw

18 equal to the sum of the direct effect on households’ private utility plus an indirect
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effect or wedge, p;+1 through changes in factor prices.

dST;V e (Z Z,yt—h-&-le)\jﬁh—l ( — /(" i )+ B(1 — ) E [(1 + rGo)u'( ?t)}
t j h

h dbh

db”
S B = )1+ B )]

—u (Cjt 1 dkh

(G )dkm + (1 =) (1 + C)E[ (e} )] dkﬂ) +
—u (c; — Tkt r u(c; [t
Y dkh, ! Pk,

We evaluate this expression at the lasseiz-faire equilibrium, implying that % = w;Cjte.

Similarly, %% = w;,. Then if dk; can be written as:

dkhc

dk, = ZZ% (C]dkh th)

Then we have that % = . Where p; is given by:

A
[y = (ZZ( t— hﬁh)\ Wj |: (C?t) ((1 —Tg7t)9§b62—7:;+

h=1 j

dr dre dw
h ch t
(1—Tkt)<bjtdkt k”tdkt + Gk twdl@) )] + 2 (21— 1) Z ]dkt>

Recall that r, = A,ak? ;™ and w;, = AM(1 — o)kl *. Therefore, ‘fl% = AM(1 —
)k alyt = Mr(1 — )6t and j—,’; = a(a — 1)rk; . Following the same procedure

as before, we can decompose p; into risk and redistribution terms by adding an intelligent

Zero.

p = (1= a)rin (Zw > " hﬁhE[ >(<e — DM = ) = (1= )0 — 1G5 )]
+ ijAj ;'yt_hﬂhlﬁl {u'(cﬁt)} (Q?Mu —Ty) — ( J% — % _ %) (1-— Tkt)>

+ij)\ o’ ]t f1— Tgt)./\/l99>
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Households’ Euler equation for the risk-free asset is:
() = B(L+ B[/ (cf )],
Due to economic growth, E[u/( ?;}1)] = (1+¢)"""™M B/ ()]

Subbing this in above, and applying the law of iterated expectations:

v(1 + hoT k"
e o mlﬁH(Z%A > () Bt (= DM = ) - (1= (o - D2 )|
A h h ch h
1 +r , k',t k',t b',t
+XMW§:<HﬂRM)EP@%(%MG—M%<fé~i§—é>ﬂ—m0
v+ \7
0
Recall that if we define z = ((e — DML —70) — (1 —7) (¥ —1)¢ ) then we have that:

EP&%JXZ}%U([ Dcw(jﬂa

2 pkh 2
= <0§l(1 — Tgt)) Var(e)/\/lwtft — ( Jk]’t<1 — Tkt)) V&I‘(?/})Ttk't—

¢
C h<] 7,t
ov (e, 1/})03 m

(]_ — Tgt)(l — Tkt) (./\/lrtkt — wtgt)

Taking a second order approximation of E[u/(c?,)] around the zero-risk steady state gives:

1 Var(ch))
Bl ()] = Bie) (1+ g
7.t

o (E[ch
Dividing through by y; = k*¢;~* and noting that u”(E[c",]) = —nRRAM

h
j7t IE[C]-J]
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2 A
<Cjk”(1 — Tkt)) aVar(y) — (./\/la +a— 1) (1= 7a) (1 — 712) 0} C]:h’tCOV(e, w)>
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Finally, defining v;; = M\ju/(E[c]) and 7, = v (1 + pftRApRP R%), we can re-write
) Cit

the above.
e~ (1 — a)re (Mlt + ,URt)

where
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75t
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A.5.1 Capital-skill complementarity

The production function is
Y =)+ 1 =027, Z = (uK? 4 (1= p) ()

with factor prices r = 9Y/OK, w® = Y /0l¢, w® = 0Y/0¢°, and define

_ oy —lurl—c 7z riK y K 4 we y _ wile
1=z ~WTNETYT kS e 2 Ty ey
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The key second derivatives are

Y (0 —1)gs).

02? Z
822 ZK(l - SIZ()
T CA A

(92Z ZK<1 - SIZ()
P AR AT

where Zx = 0Z/0K = pKr~ 12 and Z;c = 0Z/00¢ = (1 — p)(£6)P~1Z1~¢.
Using the chain rule 9r/0K = Yz,7Z% + qZ K, the first term is

(0 = 1)gsi

Yy, 723 = 7

(K1 210)" = oo = D1 = )

and the second term, using Zxx = —(1 — p)(1 — $2)Zx /K and qZyx =1, is

r

A K(l —p)(1— 31Z<)

giving 4
=== o =D —shsh — (1= p)(1 - s£)]

For dw®/dK =Yz ;72K Zse + qZ e, the first term is

0= Vast , . _r(l-sh)

Z (o~ 11 - s)

YZZzKZ[c =

and the second term, using Zxpe = (1 — p)Zx Zpe/Z and qZgc = w°, is

wZg (1l —s%)

qZree = (1 —p) 7 /e (1-p)

where the last step uses w/¢s%Z = rK (1 — s%), giving

dwe  r(1—s%) v
T2 (o - 1) - s}y + (1 - )]

Finally, since w® = \(£*)°~'Y179 depends on K only through Y,

dw?

dK

(1—0)rspk
{3

AT (1= o) Y =
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Then we have that % = ps. Where p; is given by:

fir = (i > <7t_hﬁh>\jij |:UI(C?,t) ((1 — Tet)

h=1 j

b c
h dr; ch dry

dr dw;
h t ! t
(1 — 7pt) (bj’td_k:t + kﬂ’tdkﬁ + Cjkj,t¢d_h>):| + 7' (C?,t)(l — Tut) z]: 9? dki )

0" ¢

dw]’t

I dky

Where here, w; = pjw® + (1 — p;)w® and p; is the type-j college educated share. Follow-

ing the same steps as before, we can separate these channels into the impact of risk and

redistribution. Define the following constants:

Q=0 —1(1—s7)s5 — (1-p)(1 - sk
Q= (1= Do —1)(1—s5) +(1—p
Q.= (1-0)s,

Then we have that:

T S w3

h
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