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Abstract

We study optimal monetary policy in a dynamic, general equilibrium economy with
heterogeneous agents. All heterogeneity is ex-ante: workers differ in type-specific, state-
contingent labor productivity, yet markets are complete. The fiscal authority has access to
a uniform, state-contingent lump-sum tax (or transfer), but linear taxes are restricted to be
non-state contingent. We derive sufficient conditions under which implementing flexible-
price allocations is optimal. We show that such allocations are not optimal when the relative
labor income distribution varies with the business cycle; in such cases, optimal monetary
policy implements a state-contingent mark-up that co-moves positively with a sufficient
statistic for labor income inequality.
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1 Introduction

Monetary policy has traditionally been regarded as a tool best suited for macroeconomic stabi-
lization. In recent years, however, there has been growing public opinion that central bankers
take heed of rising inequality and incorporate distributional concerns into their mandate. Even
if monetary policy makers were to take in such considerations, it is not obvious from a theoreti-
cal perspective whether monetary policy should be used for redistributional purposes and if so,
in what manner.

In this paper we study the optimal conduct of monetary and fiscal policy in a dynamic,
general equilibrium model in which households are ex-ante heterogeneous and markets are
complete. We focus on ex ante heterogeneity, rather than ex post, and therefore on the question
of redistribution rather than lack of insurance.! In this context, we follow the Ramsey approach.
Given a restricted set of fiscal instruments, we ask under what conditions should monetary
policy play an active role in redistribution? And if such conditions are met, in what manner
should monetary policy be conducted in order to reduce inequality and improve welfare?

Framework and Methodology. We study a general equilibrium, heterogeneous agent econ-
omy with nominal rigidities. We model household heterogeneity following Werning (2007).
Households are assigned a “type” at birth and remain that type throughout their lifetime. Type-
specific labor productivities are stochastic and contingent on the aggregate state; we allow these
contingencies to be fully general and can therefore nest any exogenous labor income process.
We assume markets are complete: in every period, households can trade a complete set of Arrow
securities. It follows that there are no missing insurance markets.

A continuum of intermediate-good firms employ workers, produce differentiated goods,
and are subject to aggregate productivity shocks. These firms are monopolistically-competitive
and set prices subject to nominal rigidities. We model the nominal rigidity as an informational
friction as in Woodford (2003a); Mankiw and Reis (2002); Mackowiak and Wiederholt (2009);
Angeletos and La’O (2020). For tractability we adopt a particular specification found in Correia,
Nicolini and Teles (2008): we assume that a fraction of firms set their nominal prices before
perfectly observing realized demand. In our benchmark we assume that equity shares of the
intermediate-good firms are evenly distributed among all households, but we relax this assump-
tion in our extended model.

The desirability of monetary policy in any context depends on the available set of fiscal in-
struments. We consider a consolidated government that controls both fiscal and monetary pol-

1By focusing on ex ante heterogeneity rather than ex post, our framework stands in contrast to
heterogeneous-agent New Keynesian models (HANK), e.g. Kaplan, Moll and Violante (2018); Auclert
(2019), that typically feature idiosyncratic labor income risk and incomplete asset markets. We discuss
the relationship to the HANK literature below.



icy. The government raises tax revenue and issues nominal bonds in order to finance exogenous
shocks to government spending (Lucas and Stokey, 1983) and uniform, lump-sum transfers.

We follow the Ramsey approach and allow for linear taxes on consumption, labor income,
firm revenue (sales), and profits. We assume that all tax rates are non-state-contingent, in line
with the New Keynesian literature. One can think of this lack of fiscal state-contingency as a
political constraint: the fiscal authority cannot change tax rates at business cycle frequency.
Furthermore, and in contrast to the typical restriction imposed in the Ramsey literature, we
allow for state-contingent, lump-sum taxes or transfers (Werning, 2007). That is, while the fiscal
authority cannot change the slope of the tax schedule in response to shocks, it can freely adjust
the intercept. Crucially, however, we restrict the lump-sum transfers (or taxes) to be uniform
across household types.?

Finally, we adopt a utilitarian welfare function with arbitrary Pareto weights. We solve for
optimal fiscal and monetary policy jointly using the primal approach (Lucas and Stokey, 1983;
Chari, Christiano and Kehoe, 1991, 1994; Chari and Kehoe, 1999). In particular we adapt the pri-
mal approach used in Werning (2007) for a flexible-price economy with heterogeneous agents,
and that employed in Correia, Nicolini and Teles (2008) for a representative agent economy with
nominal rigidities, to our setting that features both heterogeneous households and nominal
rigidities.

Results. We first derive sufficient conditions under which implementation of flexible-price
allocations is optimal. Specifically, we show that when shocks to the labor skill distribution
affect all households proportionally—that is, when there are no movements in workers’ rela-
tive skills—the optimal level of redistribution is achieved through the tax system. In this case,
non-state-contingent distortionary taxes and lump-sum transfers are sufficient, and monetary
policy should play no redistributive role.

A distortionary tax on consumption or on labor income implies that high-skilled, wealthy
households pay more taxes (in levels) than low-skilled, poor households. In combination with
a uniform lump-sum transfer, a higher tax rate lowers wealth inequality (Werning, 2007; Cor-
reia, 2010). The planner in our environment optimally trades off the redistributional benefit of
distortionary taxation with its efficiency cost. When shocks to the labor skill distribution affect
all workers proportionally (and preferences are homothetic), both the marginal benefit and the
marginal cost to this tax are invariant to the aggregate state. It follows that the optimal wedge
is invariant to the the business cycle and, as a result, the restricted set of fiscal instruments is
sufficient to implement the planner’s optimum. The best that monetary policy can do, in this
case, is replicate flexible-price allocations.

20ne can motivate this restriction with an informational constraint on the government: the fiscal
authority cannot tell apart high-type households from low-types.



We show that this is not the case when shocks alter the workers’ relative skill distribution.
When the labor income of certain households are disproportionally affected by business cy-
cle fluctuations than others, the available set of fiscal instruments is insufficient. It is then
optimal for monetary policy to deviate from implementing flexible-price allocations and play
an active role in redistribution. In particular, we find that optimal monetary policy targets a
state-contingent markup that co-varies positively with a sufficient statistic for labor income
inequality.

To understand this result, consider again the case in which labor skill shocks are propor-
tional. A constant tax rate is sufficient to implement the planner’s optimum because both the
marginal benefit of distortionary taxation (greater redistribution) and the marginal cost (effi-
ciency) are invariant to the aggregate state. When instead labor skill shocks are disproportional,
the marginal redistributional benefit of distortionary taxation increases with labor income in-
equality, while the marginal cost remains the same; it follows that the optimal tax rate in such
states should increase.

However, tax rates are assumed to be non-state-contingent. This restriction on fiscal state-
contingency is what opens the door for monetary policy to step in and play a redistributive role.
In particular, we show that it is optimal for monetary policy to target a higher mark-up when
labor market inequality is high and, conversely, a lower mark-up when labor market inequality
is low. In doing so, monetary policy imperfectly replicates the missing tax instrument with an
“inflation tax” in high inequality states and an “inflation subsidy” in low inequality states.

We show that our results are robust to heterogeneous equity shares. When monetary policy
increases the “inflation tax” by targeting a higher mark-up, firm profits increase. Depending on
how profit shares co-vary with lifetime income, this can either curb or exacerbate overall income
inequality. We show that the presence of heterogeneous equity shares changes both the slope
and the intercept of the response of monetary policy to labor income inequality, depending
in part on this covariance as well as the degree of firm market power, but it does not alter the
general lesson that the optimal markup should covary positively with a sufficient statistic for
labor income inequality.

Related literature. The most widely used framework for analyzing monetary policy is the
New Keynesian (NK) framework (Woodford, 2003b; Gali, 2008). While much research exists on
optimal monetary policy in the New Keynesian model, see e.g. Benigno and Woodford (2003);
Schmitt-Grohe and Uribe (2004); Correia, Nicolini and Teles (2008), most studies assume a sin-
gle representative agent, and therefore cannot speak to distributional concerns.

The more recent heterogeneous agent New Keynesian (HANK) literature explicitly incorpo-
rates heterogeneity into the NK model by introducing uninsurable idiosyncratic income risk
(Kaplan, Moll and Violante, 2018; Auclert, Rognlie and Straub, 2018). In these models of the



Bewley-Huggett-Aiyagari variety, households use precautionary savings to self-insure against
income shocks and smooth their consumption. HANK models can therefore generate an en-
dogenous wealth distribution with heterogeneous marginal propensities to consume, affecting
both the amplification and transmission of monetary shocks. Furthermore, monetary policy
can play a novel role of providing insurance by transferring resources from savers to borrowers
(Acharya, Challe and Dogra, 2020; Davila and Schaab, 2022; McKay and Wolf, 2022; Bhandari,
Evans, Golosov and Sargent, 2021).

In contrast to the HANK model, in our framework markets are complete: households are able
to fully insure themselves against idiosyncratic labor income shocks. We thus focus solely on
ex-ante heterogeneity rather than ex-post. In doing so, we abstract entirely from the insurance
motive for monetary policy and focus solely on the redistributive motive.

Empirical evidence suggests that systematic differences in household income are quanti-
tatively important. In particular, Guvenen and Smith (2014) and Schulhofer-Wohl (2011) find
that households are able to smooth their consumption to a large degree and that systematic
differences between households account for a large share of differences in household income
growth. Furthermore, by allowing for fully general labor income processes, we are able to nest
those that feature a high degree of heterogeneity in the covariance of individual labor income
with aggregate fluctuations. The unequal exposure of individual earnings to business cycles
appears to be a prominent feature of the data, see e.g. Parker and Vissing-Jorgensen (2009);
Guvenen, Schulhofer-Wohl, Song and Yogo (2017); Alves, Kaplan, Moll and Violante (2020); Pat-
terson (Forthcoming). It is also an important component of our results.

We show that monetary policy can exploit the redistributional benefits of an “inflation tax”
in a manner that is similar to a distortionary tax rate coupled with a lump-sum transfer. The
theoretical insight that a flat tax with a lump-sum transfer can reduce inequality has theoret-
ical underpinnings in the macro-public finance literature. In particular, we build on previous
insights found in Werning (2007) and Correia (2010).

Our paper is most closely related to the Ramsey literature on optimal taxation, in particular
those that apply the primal approach (Lucas and Stokey, 1983; Chari, Christiano and Kehoe,
1991, 1994; Chari and Kehoe, 1999). A subset uses the primal approach to characterize opti-
mal monetary policy in economies with nominal rigidities (Correia, Nicolini and Teles, 2008;
Correia, Farhi, Nicolini and Teles, 2013; Angeletos and La’O, 2020). As a methodological con-
tribution, to the best of our knowledge we are the first to show how the primal approach can
be used to characterize optimal monetary policy even when the Ramsey optimum cannot be
implemented under flexible prices.

Layout. This paper is organized as follows. In Section 2 we describe the model. In Section 3
we characterize the set of allocations that can be implemented as competitive equilibria in this



economy. In Sections 4 and 5 we set up and solve two versions of the Ramsey problem. In Sec-
tion 6 we discuss implementation. In Section 7 we analyze an extension of our model in which
households hold heterogeneous equity shares of all firms and show that our qualitative results
are robust along this dimension. Section 8 concludes. All proofs, except for those explicitly
provided in the text, are found in the appendix.

2 The Model

We study a dynamic, general equilibrium economy with heterogeneous agents and nominal
rigidities.

2.1 The Environment

Time is discrete, indexed by t = 0,1,...,00. We denote the aggregate state at time ¢t by s; € S
where S is a finite set. We let s = {so, ..., s;} € S* denote a history of states up to and including
time ¢t. We let u(st|s'~!) denote the probability of history s* conditional on s'~!. With slight
abuse of notation, we denote the unconditional probability of history s’ by p(s?).

Households. There is a measure one continuum of households. Households have identical
preferences; in each period, a household receives flow utility U(c, k) from consumption ¢ and
work effort h. We assume throughout that preferences are additively-separable and iso-elastic:

le’y h1+77
1—v 147

Ule,h) = with v,m > 0.
The parameters v and n denote the the inverse elasticity of intertemporal substitution and the
inverse Frisch elasticity of labor supply, respectively.

Households are divided into a finite number of types i € I of relative size 7*, with }_,_, 7" =
1. The worker of a type-i household has “skill” level 6°(s;) in time ¢, state s;. If the worker puts in
h'(s') units of effort, then its labor in efficiency units are given by: ¢i(s!) = 6%(s;)hi(st). Thus, the
household maximizes lifetime expected utility given by:

DD B (U (), £(s") /0 (50)) 1)
t st
The household’s budget constraint at time ¢, history s’ is written in nominal terms by:
(1+7)P(s)e'(s) +b'(s") = (L+i(s DB () + D Qs |sh)2'(s"]s) < (2)
8t+1‘5t

(1 — 1) W (sH(sh) + (1 — m)II(s') + P(sHT(s") + 2'(st]s' 1)



where P(s') is the nominal price of the final good at time ¢ and W (s') is the nominal wage
per efficiency unit. The household faces constant consumption and labor tax rates, 7. and 7,
respectively.

For our baseline analysis we assume that households own equal shares of the intermediate
good firms. Equity ownership is a claim to intermediate good firm profits, denoted in nominal
terms by I1(s') and taxed at a constant rate of 711 € [0, 1]. We relax this assumption and consider
heterogeneous equity shares in Section 7.

The household may choose to borrow or save via two separate instruments. The first is a
one-period, non-state-contingent bond, b°(s’) which the household may buy or sell at time ¢,
history s*,and which pay (1 + i(s"))b%(s') units of money one period later. The second is a com-
plete set of state-contingent Arrow securities, indexed by s*! € S+ We let Q(s'*!|s!) denote
the price at time ¢, history s, of an Arrow security that pays 1 unit of money in period ¢ + 1 if
state s'*! is realized and 0 otherwise. We denote the corresponding quantities purchased of this
Arrow security by z¢(s*!|s?). Note that the non-state-contingent bond is a redundant asset but
allows us to represent the one-period interest rate, i(s).

Finally, T'(s!) is a real, lump-sum transfer and is unrestricted; it can be either positive (a
transfer) or negative (a tax) and can depend on the realized history of aggregate states st. We
state the household’s problem as follows.

Household’s Problem. Given initial bond holdingsb'(s°) = 0 and Arrow securities *(s°) = 0, the
type-i household chooses a complete contingent plan for consumption, efficiency units of labor,
bond holdings, and Arrow security holdings: {c'(s%), ¢1(s%), bi(s%), (2*(s"|s")) st+1 }e>0.stest, iN OF-
der to maximize its lifetime expected utility (2) subject to its budget constraint (2) and no-Ponzi
conditions.

Intermediate good production. There is a measure one continuum of intermediate-good
firms, indexed by j € J = [0, 1], with identical technologies. The production function of
intermediate-good firm j € J is given by the constant returns to scale production function

Y (s') = A(s)n’ ("), (3)

where A(s;) is an exogenous, aggregate productivity shock and n/(s') is firm j’s input of effi-
ciency units of labor.

Intermediate-good firms are monopolistically-competitive: they produce differentiated
goods and set nominal prices. The nominal profits of firm j in history s’ are given by f7(s') =
(1—7.)pl () (s") =W (s")ni (s") where 7, is a constant marginal tax on firm revenue. We postpone
for the moment our discussion of the nominal rigidity—that is, how the price p{ (+) is set.



Final good production. A representative firm produces the final good with the following
constant elasticity of substitution (CES) technology over intermediate-good varieties:

Y(s') = [ / Ejy%st)pfdj} a

with constant elasticity of substitution parameter p > 1. The final good producer is per-
fectly competitive and takes prices as given. Its nominal profits are given by P(s")Y (s!) —
fje 7 pl ()’ (s')dj where p/(-) is the price of variety j at time ¢ and P(s') is the nominal price
of the final good.

Given nominal prices, profit maximization of the representative final good producer implies
the standard downward-sloping CES demand function for intermediate good j given by:

iy \ "
y(st) = (]];t(it))> Y (sh), Vst € St (4)

At its optimum, the representative final good producer makes zero profits.

The government. The government consists of a consolidated monetary and fiscal authority
with commitment. Let 7 (s') denote the nominal tax revenue collected at time ¢, history s¢, given
by:

T(s") = 7.P(s")C(s") + 7eW (s L(s") + 7. P(s) Y (s") + mII(s"),

where
Ot = Swici(st),  LisH=Y 7, and  Ti(s!) = / F(sh)dj
i€l i€l ieg

denote aggregate consumption, aggregate labor supply in efficiency units, and aggregate profits
of the intermediate-good firms, respectively.
The government’s period-t budget constraint, written in nominal terms, is given by:

(1+i(s" ) B(s"™ )+ Z(s)+P(s)T(s)+P(s")G(se) < B(s)+ Y Q") Z (s )+T(s"), (5)

St+1‘st
where G(s;) is an exogenous government spending shock, and
B(s') = Zﬂibi(st), and Z(s") = Zﬂizi(st\st_l),
i€l iel

denote aggregate bond holdings and aggregate Arrow security holdings, respectively. Finally, we
abstract from the zero lower bound on the nominal interest rate.



Market Clearing. Market clearing in the goods and labor markets are given by:
C(s") + G(sy) = Y (s, and L(s") = / n?(s")dj,
jeJ

respectively. That is, aggregate consumption and government purchases are equated with pro-
duction of the final good, and aggregate labor supply (in efficiency units) is equated with labor
demand.

2.2 Shocks and the Nominal Rigidity

At each date ¢, Nature draws the aggregate state s; € S according to the probability distribution
u. The aggregate state determines period ¢ total factor productivity, government spending, and
relative skills for each type i € I. Formally, we define functions A : S — R;,G : S — R, and
¢' . S — R, for all i € I, mapping the state s, at time ¢ to aggregate productivity, government
spending, and the relative skill distribution.

The nominal rigidity. Intermediate good firms are price-setters. We model the nominal
rigidity as an informational friction as in Woodford (2003a), and Mankiw and Reis (2002). For
tractability we follow a particular specification assumed in Correia, Nicolini and Teles (2008);
that is, we assume that all firms can set their nominal prices in every period, but in each period
a fraction of firms are inattentive to the current state.

Formally, we assume that in every period a mass « of firms are inattentive, or “sticky,” and a
mass 1 — « firms are attentive, or “flexible.” We let 7° C 7 denote the set of firms that are sticky
and 7/ c J denote the set of firms that are flexible, with 7/ = (7°)'.

Sticky-price firms are inattentive to the current state s, at time ¢. They choose their price
based only on their knowledge of the history of previous states, s'~'. We denote the price they
set by p; (st~1). The subscript ¢ on the price indicates that this is the nominal price set at time t
by the sticky-price firm, however, the price itself is a function of the history of states only up to
time ¢ — 1. That is, we impose that this price is measurable only up to history s~

The flexible-price firms, on the other hand, are attentive to the current state s; as well as the
entire history of previous states, s'~!. Hence, these firms can set their price as functions of s'.
We denote the price they set by p{ (s!). The subscript ¢ on the price similarly indicates that this is
the nominal price set at timet by the flexible-price firm. However, unlike the sticky price firms,
the flexible-price firms are attentive to the current state s;, and hence their price is measurable
in the current history s'.

Implicit Timing Assumption. Implicit in the above measurability constraints is the follow-
ing within-period timing assumption. Nature draws the aggregate state s; € S at the beginning



of the period and randomly selects which firms are sticky, or “inattentive,” j € J*, and which
firms are flexible, j € J/. Intermediate good firms make their nominal pricing decisions given
their available information set: s'~'if sticky, s’ if flexible. Once nominal prices are set, the aggre-
gate state becomes common knowledge. Given intermediate good prices, households and final
good firms make their respective decisions; specifically, the final good firm purchases inputs
and produces, and the households make their consumption, savings, and effort choices. All
allocations adjust so that supply equals demand and markets clear.’

2.3 Remarks on the model

This concludes our description of the model. That said, we have made several modeling choices
that depart from the standard New Keynesian model, the typical Ramsey framework, as well as
more the recent HANK models. We discuss these choices below.

Heterogeneity with market completeness. Household types remain fixed, however
household labor income can vary over time and over states in a general and flexible manner
characterized by the arbitrary function 6* : S — R.. This formulation nests all labor income
processes, including those with a high degree of heterogeneity in the covariance of household
labor income with aggregate shocks. However, in the proceeding analysis we show that the
complete markets assumption implies that households fully insure themselves against idiosyn-
cratic consumption risk: equilibrium household consumption varies only with aggregate con-
sumption. In this sense there are no missing insurance markets; household heterogeneity in
consumption is entirely “ex-ante” rather than “ex post.”

Lump-sum transfers. In the standard, representative-agent Ramsey framework, lump-sum
taxes or transfers—or any combination of taxes that may replicate them—are a priori ruled
out. Were it not the case, the first best would be achievable. When instead households are
heterogeneous, Werning (2007) shows that one can incorporate a lump-sum tax or transfer into
a Ramsey taxation-style model without sacrificing the earlier lessons from the optimal taxation
literature. In such a framework;, it is the uniformity of the lump-sum transfer across types that
ensures that the first best is unattainable. We follow Werning (2007) in this vein and assume the
existence of a lump-sum transfer that is uniform across household types. One can think of the
uniformity restriction as an informational constraint on the government: the fiscal authority
cannot distinguish household types.

3We make the simplifying assumption that all intermediate-good firms learn the aggregate state at the
end of each period. This assumption is compatible with the notion that all firms can observe end-of-
period equilibrium outcomes and from these endogenous objects infer the realized state at time ¢.



The lack of fiscal state-contingency. The nature of optimal monetary policy often depends
on the set of available fiscal instruments. We assume linear taxation as in Ramsey; accordingly
we allow for consumption, labor income, sales, and profit taxes. We therefore do not artificially
restrict the fype of linear taxes in our model.

However, we constrain these tax rates to be fixed, i.e. non-state-contingent. This lack
of state-contingency is what opens the door for a potential role for monetary policy. State-
contingency of monetary policy but non-state-contingency of taxes is the typical assumption
made in New Keynesian models; it is motivated by the idea that the monetary authority is better
suited for responding to shocks at business cycle frequency than the fiscal authority.

At the same time we allow the uniform lump-sum transfer to be state-contingent. We find
this particular choice of fiscal state-contingency to be reasonable: while legislation of tax rates
is often a prolonged and difficult political process, the same is not necessarily true for fiscal
transfers. However, we will show that the state-contingency of the lump-sum transfer is in fact
without loss of generality—due to the complete markets assumption, all agents in our model are
Ricardian.

Nominal Rigidity. Finally, we equate the nominal rigidity in our model with an informational
friction. We do so for two reasons. The first is tractability vis-a-vis time- and state-dependent
pricing models (e.g. Calvo or menu cost). By assuming only a measurability constraint on firm
pricing, the firm’s problem becomes static. Every firm is free to adjust its price in every period;
it follows that no firm needs to take into account future periods and future states when setting
its current period price. The second reason is that by assuming the exact same nominal rigid-
ity present in Correia, Nicolini and Teles (2008), we can directly tie our results to the relevant
literature.

3 Equilibrium Definition and Characterization

In this section we define a competitive equilibrium in our economy and characterize the set of
equilibrium allocations. We close this section with a definition of the Ramsey problem.

3.1 Equilibrium Definition

We denote an allocation in this economy by:

z = {(c (), £'(s"))ier, (1 (s), 7 (s"))jeg . C(s"), Y (s), L(s") }iz0,50est

Formally, we say that an allocation =z is feasible if it satisfies the economy’s technology and
resource constraints.

10



Definition 1. An allocation x is feasible if, for all s' € S*:

Y (sh) = A(s)n!(s"),  VjeT; (6)
Y (s) = [ / yf‘<st>”»1dj] o= [ e @
JjET Jj€T
C(sh) =Y aci(s");  L(s) =Y w'ti(s"); (8)
el el
and
C(s") 4+ G(s) = Y (s, vst € St (9)

Let X denote the set of all feasible allocations. We are interested in the set of feasible alloca-
tions z € X that can be supported as part of a competitive equilibrium in our economy. Prior
to defining our equilibrium concept(s), we introduce some simplifying notation. We denote a
policy by:

Q= {7, 70,7, 71, T("),i(5") }i>0.50e 50

a price system by:

0= {pl(s),p3(s"™1), P(s), W (5"), (Q(s"|s"))serresen bizo,est,
and a set of financial asset positions by:
¢={(s"))ier, B(s"), (2'(s"Hs"), Z(s"))srmiesn Jeso st
We define an equilibrium in this economy as follows.

Definition 2. A sticky-price equilibrium is an allocation x, a price system g, a policy ), and asset
holdings ¢ such that: (i) at timet, history s', the price p;(s'~') is optimal for all sticky-price firms
j € J?, the price p{ (s') is optimal for all flexible-price firms j € J/, and the aggregate price level
given by:

P(s) = [mpi(s™™)' 77 + (L= mp (")) 7 (10)
(ii) prices and allocations satisfy the CES demand function (4) for all j € J at time t; (iii) given
the price system and the policy, the allocation and financial asset holdings of type i solve the
household problem of type i, for everyi € I; (iv) the government budget constraint is satisfied;

and (v) markets clear.

In addition to sticky-price equilibria, we will also consider a hypothetical benchmark econ-
omy in which we abstract from nominal rigidities. To construct this benchmark we relax the
measurability constraints on firms so that all firms have complete information about current
fundamentals s; when making their respective decisions. Formally we call this the “flexible-
price” environment and define a competitive equilibrium in this environment accordingly.

11



Definition 3. A flexible-price equilibrium is an allocation x, a price system o, a policy 2, and asset
holdings ¢ such that: (i) at timet, history s, the pricep{(st) is optimal for all firms j € J/ = 7,
and the aggregate price level given by:

P(shy =pl(sh),  vs'esth (11)
and parts (ii)-(v) of Definition 2 hold.

The flexible-price environment will serve as a natural benchmark for separating the roles of
fiscal and monetary policy in our model.

3.2 Household and Firm optimality

Households. Consider the individual household’s problem.? Markets are complete and taxes
are linear; this implies that all households face the same after-tax prices. As a result, marginal
rates of substitution across all goods and states are equated across households. The Negishi
(1960) characterization of competitive equilibria then follows.

(3]

Lemma 1. (Negishi, 1960; Werning, 2007). For any equilibrium there exist “market” or “Negishi
weights p = (p');e; with ¢* > 0 so that the individual assignments of consumption and labor in
each history st solve the following static sub-problem

U™(C(s"), L(s"); ) = WL > e U (s"), €(sN) /07 (s1)) (12)
(st (s ) )ier iy
subject to
C(s)=> w'd(s"), and  L(s') =) 7'l(s") (13)
el el

where the superscript m stands for “mariket.”
Proof. See Appendix A.2. O

That is, any equilibrium delivers an efficient assignment of individual consumption and
labor (ci(st), (s'));cs given aggregates (C(s?), L(s')) and market weights . The economy thus
behaves as if there exists a representative household with utility function U™ (C, L; ¢). Relative
prices satisfy the representative household’s intratemporal condition:

UF(St)_ -1\ W(s") t t
TUE(s (1+Tc) Pst) (14

“See Appendix A.1 for the full derivation of the households’ optimality conditions.
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and intertemporal conditions:

Ug(s™h) P(s")

Q<5t+1|3t) = B/‘(st+1‘3t) Ugl(st) P(St+1)’ st e St—H, (15)
Um t Um t+1
]g(if)) = B(14i(s")) Z u(stH]st)]g(SH)), Vst € St (16)

stt1|st

where we let U (s') = oU™(-)/0C(s') and UJ*(s") = OU™(-)/OL(s") denote the representa-
tive household’s marginal utilities with respect to aggregate consumption and aggregate labor.
Condition (14) states that the representative household’s marginal rate of substitution between
consumption and labor is equal to the after-tax real wage. Condition (16) is the bond Euler
equation and conditions (15) are the Euler equations for each specific Arrow security.

From the envelope condition of the static sub-problem, UZ (s') = ¢'Ul(s') and UJ*(s!) =
©'U}(s'), where we let Ul(s') = oU(-)/dc'(s") and U}(s') = oU(-)/d¢'(s') denote household i’s
marginal utilities with respect to individual consumption and labor.® Therefore equations (14)-
(16) hold with U? in place of U™, and individual household’s marginal rates of substitution are
equated to after-tax prices.

With general preferences, the unique solution to the static sub-problem in Lemma 1 implies
that individual household consumption and labor can be written as functions of aggregates
(C(s?), L(s')), the Negishi weights ¢, and the distribution (6%(s;));c; alone; see Werning (2007).
With the additively-separable and iso-elastic preferences assumed in (1), the solution can be
written in closed form:

c(s') =wp(p)C(s")  and  £(s') = wi(p, se)L(s"), a7

with

. . . 1+n
((pz)l/v A (sz)fl/ngz(st)7
wh (p) and  wj(p,5) = =

¢ > kel TR (k)L - D kel Tk (k) 1m0k () g

Therefore, with these preferences, individual consumption and labor are proportional to their

(18)

aggregates.

The household’s shares of aggregate consumption and aggregate labor are given by w},(¢)
and w’ (¢, s¢), respectively. The consumption share is fixed and depends only on the market
weights, ¢, and the risk aversion parameter, v. Markets are complete—as a result, individual
households insure away all idiosyncratic risk in consumption and face only aggregate risk. In
contrast, the share of labor is a function of the market weights, ¢, the Frisch elasticity of labor
supply, n, as well as the entire distribution of worker productivities (6*(s;));c;. The household’s
share of labor supply is thereby state-contingent: it depends on the household’s relative skill in

aU() _ 1 au()
DE(st) — 07(s;) Ohi(st) "

5Note that
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state s;.°
In equilibrium, each household’s budget constraint (2) holds with equality. Using equations
(14)-(16) to substitute out after-tax prices, we obtain the following implementability conditions:

ST Bl [UB (b (9)C() + U (sl (.50 L(sH)) = UB(s0)T,  Viel,  (19)

e 7= ) S S gtz s) [T< )+ (1 — ) ) 0)
I L ")

The above implementability conditions are expressed entirely in terms of the aggregate alloca-
tion (C(s'), L(s')) and the market weights ¢. See Appendix A.3 for their derivation.

Condition (19) corresponds to household i’s lifetime budget constraint and is similar to the
standard implementability condition found in the Ramsey taxation literature; see Lucas and
Stokey (1983); Chari and Kehoe (1999). However, in contrast to representative agent economies,
rather than equilibrium imposing just one implementability condition of the form in (19), in
our economy there exists a set of conditions: one for each type i € I.

As noted previously, one stark difference between our framework and the representative-
agent Ramsey framework is the existence of lump-sum taxes and transfers, as in Werning (2007).
When coupled with labor income taxes, these lump-sum transfers give the planner some ability
to redistribute. This power, however, is limited: the planner cannot achieve any desired dis-
tribution of resources across households because lump-sum transfers are non-targeted. To see
this, note that the right hand side of equation (19) represents the present discounted value of
lifetime transfers and after-tax profits, denoted by 7', and this value is the same across all types
i € 1. It follows that the conditions in (19) are joint restrictions on the planner’s problem.

Furthermore, in the representative agent Ramsey framework, not only does one typically
rule out lump-taxes, but also any combination of taxes that may replicate them. When con-
sumption and labor income taxes are available, this applies to the initial period consumption
tax—one can set the initial period consumption tax arbitrarily high and achieve the undistorted
optimum. Typically to rule this out, one must treat the initial consumption tax as separate
from all other period consumption taxes and impose a binding upper bound; see Chari and
Kehoe (1999). Here we have no such issue because we assume the existence of lump sum taxes.
It follows that we need no such restriction on the initial period consumption tax; in fact, we
simply subsume it into our definition of 7. Furthermore, as noted above, one can see that state-
contingency of the lump-sum transfer is unnecessary—due to the complete markets assumption,
all agents in our model are Ricardian.

6Although our model features ex-post differences in labor supply across households, these differences
reflect an efficient allocation of labor supply for a given level of aggregate labor. For a discussion of this
point, see Werning (2007).
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Finally, in our framework, due to the monopolistic competition assumption, intermediate-
good firms earn equilibrium profits. Equilibrium profits would presumably complicate our
analysis as they enter endogenously into household budget constraints as dividend payouts.
However, from condition (20) it is evident that profits are isomorphic to lump-sum transfers.
This equivalence relies on the assumption of homogeneous equity shares across households;
we relax this assumption in Section 7.

Firms. We now turn to the firms’ problems and begin by considering that of the flexible-price
firms, j € J/. A flexible-price firm is attentive to the current state and can therefore choose a
price measurable in the history s*. We state the firms’ problem as follows: firm j € Jf chooses
anominal price pg (s!) to maximize firm profits:

Pi(s") € argmax {(1 (st — w(sH L) }

subject to demand function:

/

-P
y(s') = ( pﬁt)) Y(s'), Vs'es, 1)

The solution to this problem is given by:

pl(st) = [(1 —7) <p ; 1)} B Z/((;:)), Vst € St (22)

That is, the firm optimally equates its marginal cost with its after-tax marginal revenue. This
implies that the firm’s optimal nominal price equal to a constant mark-up over its nominal
marginal cost W (s')/A(s;). The mark-up is a function of the CES parameter p and the marginal
tax (or subsidy) on revenue.

Consider next the problem of the sticky-price firms, j € [7*. Sticky-price firms are inat-
tentive to the current state s, and hence make their nominal pricing decisions based only on
their knowledge of the history of previous states, s‘~!. Recall that all firms are owned by the
households; and the fictitious representative household’s stochastic discount factor in state
s’ is given by U%(s")/P(s"). From our previous derivation of household optimality, the Arrow
security price Q(s?|s'~1) satisfies (15) and hence can be interpreted as the firm’s pricing kernel.
We may therefore write the sticky price firm’s problem as follows.

Firm j € J* chooses a nominal price p! (s*~!) such that it maximizes the expected value of
firm profits (weighted appropriately by the market’s stochastic discount factor):

) cagmax 3 Q) {0 - mp (s - wisH O

St‘st—l
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subject to demand function (21). The solution to the sticky-price firm’s problem is given by:

e = fa-m ()] oy P i 23

Stlst71

where we let o . . -
q(8t|st—1) _ p(s' s )UE (s")Y (s") P(s")P
C Dt u(SHSTTHUR (Y)Y (s1) P (s )P

denote the risk-adjusted conditional probabilities of sticky-price firm j, conditional on his-

(24)

tory s'~1. Note that these probabilities satisfy for all s*~1, 3" . ¢(s'|s*"!) = 1, by construction.
Therefore, the firm’s optimal price is equal to a markup over its risk-weighted expectation of its
nominal marginal cost, W (s')/A(s;), conditional on information set s‘~1.7

Comparing this to the optimal price of the flexible-price firm, (22), one can rewrite (23) in
the following manner: pi(s‘~1) = 3", q(s'|s')p/ (s). That is, the optimal price of the sticky-
price firm is equal to its risk-weighted expectation, conditional on information set s~1, of the
optimal price of the flexible-price firm (Correia, Nicolini and Teles, 2008).

3.3 Equilibrium Allocations

We now characterize the set of allocations that can be implemented as a competitive equilib-
rium under flexible prices as well as under sticky prices.

Flexible-price equilibria. Consider first the equilibrium under flexible prices. In any such
equilibrium, all firms set their price according to (22). Combining this with the fictitious repre-
sentative household’s optimality conditions, we obtain the following result.

Proposition 1. A feasible allocation x € X can be implemented as a flexible-price equilibrium
if and only if there exist market weights ¢ = ('), a scalar T € R, and a strictly positive scalar
x € Ry, such that the following three sets of conditions are jointly satisfied:
(i) forallst € St,yi(s') =Y (s') forallj € J;
(ii) for all s* € S,
Up(s")
Up(st)
(iii) condition (19) holds for everyi € I.

= xA(sp); and (25)

Proof. See Appendix A.5. O

Proposition 1 characterizes the entire set of allocations that can be supported as a flexible-
price equilibrium; for shorthand we call such allocations “flexible-price allocations.” In addi-
tion to resource and technology constraints, any flexible-price allocation satisfies three sets of
constraints described in parts (i)-(iii) of the proposition.

"See Appendix A.4 for a derivation of (23) and (24).
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Part (i) of Proposition 1 indicates that in any flexible-price equilibrium, there is no output
dispersion across firms. Firms share the same technology and face the same nominal wages; as
a result they choose the same prices as in (22). It follows from their demand functions (4) that,
in any flexible-price equilibrium, all firms produce identical levels of output.

Next, part (ii) of Proposition 1 states that in any flexible-price equilibrium, condition (25)
must hold in every history. This condition follows from taking the optimality condition of the
flexible-price firms 22, noting that in equilibrium all firms set the same nominal price: p{ (st) =
P(s'), and combining this with the representative household’s intratemporal condition in (14).

Therefore, in any flexible-price equilibrium, the marginal rate of substitution between ag-
gregate consumption and aggregate labor is equated with the marginal rate of transformation,
A(sy), modulo a constant labor wedge, denoted by x. This wedge is given by:

(oot)timit ) 6

X

The wedge is the product of multiple terms: the consumption, sales, and labor income taxes
levied by the government, and the markup that arises due to monopolistic-competition among
intermediate-good producers. It is important to note that y is a time and state-invariant
constant—this follows from the assumption that the tax rates, as well as the elasticity of sub-
stitution parameter, p, are not contingent on the aggregate state.

Finally part (iii) of Proposition 1 states that in any flexible-price equilibrium, condition (19)
must hold for each i € I. These implementability conditions ensure that every households’
lifetime budget constraint is satisfied. The government’s budget constraint holds by Walras’s
Law.

The power of fiscal policy. The flexible-price economy allows us to isolate the role of fiscal
policy in our environment. In particular, the power of the fiscal authority is parameterized by
the scalars y and T. Consider x: the fiscal policy can control, via the linear taxes in (26), this
wedge. However, note that the fiscal authority’s power to influence allocations using this instru-
ment is limited: y is a scalar, but condition (25) must hold in every history, s' € S*. Therefore,
because we have assumed non-state-contingent tax rates, the set of feasible allocations that can
be implemented as a flexible price equilibrium is constrained.

Next, consider the scalar T'. The fiscal policy can use lump-sum transfers (or taxes) to control
the level of the households’ budget constraints. However, again the fiscal authority’s power
to influence allocations using this instrument is limited: condition (19) must hold for every
household type i € I, as we have assumed lump-sum transfers are non-targeted. Therefore
conditions (19) constrain the set of feasible allocations that can be implemented as a flexible
price equilibrium.
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Sticky-Price Equilibria. We turn now to the set of allocations that can be supported as part
of an equilibrium under sticky prices. In any sticky-price equilibrium, all sticky-price firms
set their prices according to (23) and all flexible-price firms set their prices according to (22).
It follows from the demand functions (4) that all sticky-price firms produce the same level of
output, hire the same amount of labor, and earn the same level of profits; we henceforth denote
these objects by y*(st), n®(s'), and 7 (st), respectively. By the same logic, we denote their output,
labor, and profits of the flexible-price firms by 3/ (s*), n/ (st), and 7/ (s*), respectively. This brings
us to the following equilibrium characterization.

Proposition 2. A feasible allocation x € X can be implemented as a sticky-price equilibrium if
and only if there exist market weights ¢ = (¢'), a scalar T € R, and a strictly positive scalar
x € Ry, such that the following three sets of conditions are jointly satisfied:

(@) forall st € St,yi(s) = y/ (') forallj € J/, andyi(st) = y*(s!) forallj € J%;

(ii) for all s* € S,

f(at -1/p m( ot
[?J (s )} + Uy (s") 1 —0; 27)

and for all st~ ¢ St 1,

s(gt -1/p m( gt
> Ué”(st)ys(st){[g/((st” + e 13t)}u(st!st‘1) =0; and  (28)

St‘st—l
(iii) condition (19) holds for everyi € I.
Proof. See Appendix A.6. O

Proposition 2 characterizes the entire set of allocations that can be supported as a sticky-
price equilibrium; for shorthand we call such allocations “sticky-price allocations.” Similar to
Proposition 1, Proposition 2 states that, aside from satisfying resource and technology con-
straints, any sticky-price allocation satisfies three additional sets of constraints.

Part (i) indicates that in any sticky-price equilibrium, there is no output dispersion within
the set of sticky-price firms and similarly no output dispersion within the set of flexible-price
firms. However, there can be differences in production across the two sets of firms.

Part (ii) states that in any sticky-price equilibrium, condition (27) must hold in every history.
This condition follows from combining the optimality condition of the flexible-price firms with
the fictitious representative household’s intratemporal condition (14). The resulting condition
simply states that the marginal cost of producing an extra unit of output of the flexible-price
firm is equated with its marginal revenue. Note that this condition is similar to condition (25) in
Proposition 1, and in fact is identical when y/ (s!) = Y'(s?).

Condition (28) similarly follows from combining the optimality condition for the sticky-
price firms with the fictitious representative household’s intratemporal optimality condition.
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This condition states that the marginal cost of producing an extra unit of output of the sticky-
price firm is equated with its marginal revenue “on average.” It is essentially the same as condi-
tion (27) corresponding to flexible-price firm optimality, the only difference being that in (28),
marginal cost and marginal revenue are equated in expectation, conditional on information set
t—1
S .
Finally, part (iii) of Proposition 2 is identical to part (iii) of Proposition 1; these conditions

ensure that the budget constraint is satisfied for every household in the economy.

3.4 The power of monetary policy.

To understand the power of monetary policy vis-a-vis fiscal policy in this economy, it is easier to
rewrite the equilibrium conditions for the sticky price economy in the following manner. First,
we can rewrite the optimal price of the sticky-price firm in (23) as follows:

pi(s"7) = e(s") {(1 —7) (p ; 1)}_1 VX((;:)), (29)

where ¢(s?) is defined as:

(") Dot q(s'sTHW (") /A(s)
W (s*)/A(st)

(30)

Thus ¢(s') denotes a stochastic wedge between the optimal prices of the sticky- and flexible-
price firms: p(si~!) = e(s)p! (s*). Because the sticky-price firm has incomplete information,
it cannot perfectly forecast its ex-post optimal price, i.e. a markup over its nominal marginal
cost. The wedge ¢(s) can therefore be interpreted as the sticky-price firm’s “pricing mistake.”
Formally, (s!) is defined in (30) as the firm’s optimal “forecast error” of its nominal marginal
cost, W (s*)/A(s;), given its incomplete information set s*~1.

Next, aggregating over the sticky-price and flexible-price firm prices according to (10) and
combining the aggregate price level with the representative household’s intratemporal optimal-
ity condition (14), we obtain the following equilibrium condition in the sticky-price economy:

Up(s")
Uz (st)

=X [/fe(st)l_p + (1 - /<a)]_ﬁ A(sy).

This condition looks similar to condition (25) for the flexible price economy. As in the flexible-
price economy, it indicates that the marginal rate of substitution between aggregate consump-
tion and aggregate labor is equated with the marginal rate of transformation, A(s;), modulo a
wedge. In this case, though, the labor wedge is the product of two components. The first is the
constant scalar denoted by x that corresponds to the mark-up and taxes (26). The second is a
new, state-contingent component given by [re(s')! * + (1 — &) ~T . This component contains
the state-contingent “pricing mistakes” made by the fraction « of inattentive firms.
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Therefore, relative to the flexible-price economy, there is a state-contingent component of
the labor wedge. This state-contingent component, in particular the forecast error ¢(st), rep-
resents an additional control variable for the planner in the sticky-price economy, one that en-
compasses the power of monetary policy over real allocations. By controlling ¢(st), the monetary
authority can move around allocations in a manner that the fiscal authority cannot.

However, the power of monetary policy is limited by parts (i) and (ii) of Proposition 2. As the
forecast error of the sticky-price firms, ¢(s!) introduces a wedge between the sticky-price and
flexible-price firms’ prices. This in turn drives a wedge between the sticky-price and flexible-
price firms’ output: y°(st) = ¢(s*)"Pyf (s?), leading to a loss in production efficiency.

Second, by definition of ¢(s*) in (30), the forecast error must “on average” be equal to 1. This
in fact is the meaning of the constraint in (28): it is an adding up constraint that states that
monetary policy cannot surprise firms “on average.” This follows from the optimal price-setting
behavior of the sticky-price firms.

Finally, to drive home the point that sticky prices and monetary policy enlarges the set of
implementable allocations, we provide the following lemma.

Lemma 2. Let X/denote the set of all flexible-price allocations and let X*denote the set of all
sticky-price allocations.
xlc s,

Proof. Take any allocation 2 € Xf; that is,  satisfies the conditions stated in Proposition 1. This

allocation satisfies all conditions stated in Proposition 2 with Z{,((j;)) = yYf((:)) = 1forall st € S

Therefore, x € X%. O

Therefore, any allocation that can be implemented under flexible-prices can also be imple-
mented under sticky prices. This can be implemented with a monetary policy that targets price
stability.

3.5 Welfare function and Ramsey problem definition

Finally, the goal of this paper is to solve the Ramsey problem in this economy. We consider a
utilitarian planner with social welfare function given by:

U= XSS B (U (1), () 01 (s0) (3D

i€l t

where A = ()\?) denote an arbitrary set of Pareto weights, with A’ > 0 for all i € I. We define the
Ramsey problem as follows.

Definition 4. A Ramsey optimum x* is an allocation x that maximizes social welfare (31) subject
tox € X°.
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4 The Relaxed Ramsey Problem

The goal of our analysis is to characterize the social welfare-maximizing allocation among the
set of sticky-price allocations. However, the set of sticky-price allocations, X%, is fairly compli-
cated: there are a number of constraints that must be satisfied in order for an allocation to be
supported as a sticky-price equilibrium. We thus proceed in this section by first solving an easier
problem, that of a “relaxed” Ramsey planner.

The relaxed Ramsey planning problem is one in which we maximize over a larger, relaxed set
of allocations relative to the set of sticky-price allocations; see Correia, Nicolini and Teles (2008)
and Angeletos and La’O (2020) for similar analyses. We define the relaxed set of allocations and
an optimum within this set as follows.

Definition 5. The relaxed set of allocations X* is the set of all feasible allocations x € X for which
there exists a set of market weights o = (¢') such that condition (19) holds for alli € I. A relaxed
Ramsey optimum z'* is an allocation x thatr maximizes social welfare (31) subject tox € X,

Relative to the set of sticky-price allocations characterized in Proposition 2, the relaxed set
is constructed by dropping all equilibrium conditions stated in parts (i) and (ii) of the propo-
sition, but maintaining those stated in part (iii). The following corollary is the direct result of
Proposition 2, Lemma 2, and Definition 5.

Corollary 1. X/ c xs c xf c x.

The relaxed set is a strict superset of X'*, the set of sticky-price allocations, and by implica-
tion, X7, the set of flexible-price allocations. One can think of the relaxed Ramsey planner as
a planner that has access to a complete set of state-contingent, firm- and/or good-specific tax
instruments, and can thus freely choose the equilibrium price of any good in any state, but does
not have access to type-specific lump-sum transfers, therefore must respect the lifetime budget
constraints of the households.?

Why do we study the relaxed Ramsey planning problem? This problem is useful for our
analysis in the following sense. We will first characterize the relaxed Ramsey optimum z*. We
will then derive necessary and sufficient conditions under which z* € X/, and by implication,
zf* ¢ X*. Finally, because the relaxed set is a strict superset of the set of sticky-price alloca-
tions, it follows that under these conditions, ='** is both the relaxed Ramsey optimum and the
unrelaxed Ramsey optimum!

Let v denote the Lagrange multiplier on the implementability condition (19) of type i € I;
let v = (v%);c; denote the set of multipliers. Following Werning (2007), we incorporate these

8With a complete set of state-contingent, firm- and/or good-specific tax instruments, parts (i) and (ii)
of Proposition 2 are no longer necessary conditions.
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constraints into the planner’s maximand and define the pseudo-welfare function W(-):

W(C(s"), L(s"), 50,0, ) = ) 1 {NU(wi(9)C(s"), (0, 56) L(s") /6 (51)) (32)
el
+0' [UE (swo(0)C (") + UL (s )wi (9, s) L(s")] }

We then write the relaxed Ramsey planning problem as follows.

Relaxed Ramsey Planner’s Problem. The Relaxed Ramsey planner chooses an allocation x, mar-
ket weights ¢ = (¢'), and T € R, in order to maximize

> BulsYW(C(sY), L(s"), si5.0,v,A) — UB (s0)T Y _ 7't/ (33)
t st

icl
subject to feasibility: x € X.

The pseudo-utility function is stated in terms of aggregates alone, making the relaxed Ram-
sey planning problem quite tractable. One can think of the pseudo-welfare function as a social
welfare function that incorporates not only the distributive motives of society, as captured by
the Pareto weights, but also the constraints imposed by the households’ heterogeneous budget
sets.

4.1 Relaxed Ramsey optimum.

The following proposition characterizes a relaxed Ramsey optimum given an arbitrary set of
Pareto weights. For shorthand, we let W (st) = OW(:)/0C(s') and Wy (s') = oW(-)/IL(s!) de-
note the marginal pseudo-utility of aggregate consumption and of aggregate labor, respectively.

Proposition 3. An allocation is a relaxed Ramsey optimum x™* if (i) for all s* € S, 47 (s') = Y (s')
forall j € J;and (ii)

= A(sy), VsteSh (34)

Proof. See Appendix A.7. O

Consider first part (ii) of Proposition 3. It is optimal, from the relaxed Ramsey planner’s per-
spective, to set the social marginal rate of substitution between consumption and labor equal
to the marginal rate of transformation, A(s;). In this formulation, the social marginal rate of
substitution between consumption and labor is given by the ratio of the marginal pseudo-utility
oflabor to the marginal pseudo-utility of consumption. The social marginal rate of substitution
therefore takes into account the Pareto weights, i.e. the planner’s appetite for redistribution, as
well as the implementability constraints imposed by household budget sets.

Consider now part (i). It is furthermore optimal, from the relaxed Ramsey planner’s perspec-
tive, that there be zero output dispersion across intermediate good firms. The relaxed Ramsey
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optimum thereby preserves production efficiency in the sense of Diamond and Mirrlees (1971).
Although the planner chooses to tax certain margins in order to raise money to support lump-
sum transfers (or taxes), it does so at the intratemporal margin.

Preservation of production efficiency indicates that a relaxed Ramsey optimum could be
a flexible-price allocation—in any flexible-price equilibrium, there is zero cross-sectional dis-
persion in output—but it does not yet tell us when such an allocation is implementable under
flexible prices. The following result provides an answer.

Theorem 1. If there exist positive scalars (9*,9?,...91) € RL and a positively-valued function
© : S — Ry such that the skill distribution satisfies:

0'(s;) = 9°O(s),  Vsy €S, (35)

then:
(i) the relaxed Ramsey optimum is implementable as a flexible-price allocation, z™* € x1;
(ii) the relaxed Ramsey optimum is implementable as a sticky-price allocation, z™* € X*; and

Rx

(iii) the relaxed Ramsey optimum x"** is an (unrelaxed) Ramsey optimum, x*.

Proof. Suppose there exists positive scalars (9!, 92,...97) € R! and afunction® : S — R, such
that (35) is satisfied. The individual household shares defined in (18) reduce to:

1+n

(@)~ 1(9")
Y ker ™M) TR

and are therefore non-state-contingent. The relaxed Ramsey optimality condition in (34) can

(o)
Zje] ﬂj(%‘)j)l/”/

%

and wi(p) =

we ()

then be written as follows:

_U}:n(st) Yiermwi (o) N/ +vi(1+m) | .
TE() | Ser mabole) (it + (1 —)) | — 0 (36)

Comparing this to the flexible-price intratemporal condition (25), it is clear that (36) can be
replicated under flexible prices with an appropriate choice of scalar x. This proves part (i) of the
theorem; part (ii) follows directly from Lemma 2. Finally, part (iii) follows from the fact that i
is the welfare-maximizing allocation in X%, and 2% ¢ A% c &R, O

Theorem 1 provides a sufficient condition under which a relaxed Ramsey optimum can be
implemented under flexible prices. We henceforth refer to a skill distribution that satisfies this
property as one that “exhibits only proportional aggregate shocks.”

To understand the intuition behind Theorem 1, it is helpful to first think about the problem
of the relaxed Ramsey planner, a planner constrained only by the feasibility of allocations and
the household budget implementability conditions (19). This planner faces a trade-off between
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the benefit of redistribution and its cost. The cost of redistribution is efficiency: if the plan-
ner would like to achieve a more equal distribution of resources across households than under
laissez-faire, the planner must distort the fictitious household’s intratemporal margin between
aggregate consumption and aggregate labor, i.e. the after-tax real wage, in order to raise tax
revenue. The relaxed Ramsey planner’s optimum is thus the point at which, in every state, the
marginal benefit of redistribution is equal to the marginal cost; this state-by-state trade-off is
captured in the planner’s intratemporal optimality condition (34).

Now consider whether this optimum can be achieved under flexible prices. Suppose first
that there are no shocks in the economy: TFP, government spending, and the labor skill of
each household type is fixed; one can think of this as the economy’s “non-stochastic steady
state.” In the absence of shocks, the marginal benefit of redistribution and its marginal cost
are both constant over time. It follows that the relaxed Ramsey optimum can be implemented
as an equilibrium under flexible prices with some constant level of distortion x. A higher tax
rate (equivalently, a lower x) means that greater tax revenue can be collected from high-skilled,
wealthy households than from low-skilled, poor households. Because such tax revenue is redis-
tributed via a uniform, lump sum transfer, a greater tax rate implies greater redistribution. The
optimal, constant tax rate thus balances the relaxed Ramsey planner’s distributional concerns
against efficiency in the “non-stochastic steady state” of the economy.

Now consider the case in which there are shocks: TFP shocks, government spending shocks,
and shocks to the labor skill distribution. Suppose further that we restrict the latter to feature
only proportional aggregate shocks O(s;) as described in Lemma 1. When such is the case, the
ratio of labor productivity between any two household types remains constant over time and
over states: gi () i

7 (51) =5 Vs; € S.

As a result, because there are no shocks to the relative skill distribution, the marginal benefit

from redistribution does not vary over the business cycle. Because the marginal cost also does
not vary over the business cycle (technology and preferences are homothetic), the optimum at
which the marginal benefit of redistribution equals the marginal cost is invariant to the aggre-
gate state. It follows that the optimal level of redistribution can be achieved under flexible prices
with a constant level of distortion y; this is the result described in Lemma 1.

Finally, when the relaxed Ramsey optimum can be achieved under flexible prices—that is,
when the tax system is sufficient to achieve the optimal level of redistribution—then the best
that monetary policy can do is to replicate flexible price allocations. We show in Section 6 that
it can do so by targeting a constant price level.’

Note that the key property that drives this result is the preservation of Diamond and Mirrlees
(1971) production efficiency at the relaxed Ramsey optimum. In this sense Theorem 1 is similar

9Equivalently, by setting ¢(s*) = 1 for all s* € S*.
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to the insight of Correia, Nicolini and Teles (2008). Although the planner in our environment
trades-off redistribution with a wedge that distorts the fictitious representative household’s in-
tratemporal margin, under no circumstances does the relaxed planner find it optimal to misal-
locate resources across firms. Thus, with only proportional aggregate shocks to the labor skill
distribution, there is no reason for monetary policy to introduce such distortions.

Homotheticity. The homotheticity assumption on preferences plays a role in generating the
above results. In the proof of Theorem 1, we use the fact that the equilibrium allocation of
consumption and labor across households take the form given in (17), which itself relies on the
iso-elastic preference specification.

Necessity. Theorem 1 provides a sufficient condition under which a relaxed Ramsey optimum
can be implemented under flexible prices but this condition is not necessary. To see this, note
that there exists a degenerate case in which the Pareto weights are exactly equal to the Negishi
weights at the laissez-faire equilibrium. In this case, \' = ¢’ for all i € I, in which case v* = 0
for all i € I. In other words, given any stochastic process of the skill distribution, there exists
a knife edge case of Pareto weights such that the laissez-faire equilibrium under flexible prices
is always a relaxed Ramsey optimum. Furthermore, this allocation is first best efficient: the
implementability conditions in (19) are slack at this optimum.

4.2 Proportional shocks but suboptimal fiscal policy.

We can in fact strengthen the result on monetary policy provided in Theorem 1. Theorem 1
assumes that the planner can choose both monetary and fiscal policy.

Consider the special case in which labor skill shocks are proportional, but the Ramsey plan-
ner has no more the ability to control fiscal policy. Even if fiscal policy is set suboptimally,
our next result shows that our conclusion on monetary policy in this environment remains
unchanged.

Proposition 4. Let there exist positive scalars (9*,9?%,...91) € RL and a positively-valued func-
tion© : S — R such that the skill distribution satisfies (35). Let taxes be set such that:

X:<ﬂ—1> C-m-7), .

P 147,

It remains optimal for monetary policy to implement the flexible-price allocation.
Proof. See Appendix A.9. O

If the labor skill distribution exhibits only proportional aggregate shocks, then it is optimal
for monetary policy to implement flexible price allocations, regardless of the fiscal policy. This
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generalizes the result provided in Theorem 1 to all fiscal policies (given the linear tax structure),
including sub-optimal fiscal policies.

Why is this the case? The tax rate is set suboptimally, x # x*, in which case one might
assume that it is optimal for monetary policy substitute for the missing tax (wedge).

We show in the proof that monetary policy is unable to substitute for the missing tax wedge.
To understand why, note that the missing tax wedge is constant across all states and histories
s'. But recall that the only power monetary policy has over allocations is through the forecast
error wedge, ¢(st). Because this variable is a forecast error, it must “add up” to one over all states
s'|st=1. Therefore, if the monetary authority wants to raise this wedge in one state, it cannot
unless it lowers it in another state. But given that the missing tax wedge is a constant, there is no
reason one state is better to raise the monetary wedge than any other another state, and doing
so only causes misallocation. As result, it is best for monetary policy to do absolutely nothing at
all and simply implement flexible price allocations.

5 The Ramsey Problem

We hae shown that the relaxed Ramsey optimum can be implemented as a sticky-price equilib-
rium under very special circumstances: proportional aggregate shocks to the labor skill distri-
bution. Away from the proportional shock case, though, it is not yet obvious what the optimal
sticky-price allocation is, and hence what monetary policy should do. In order to answer this
question, we now return to our original problem, that of the “unrelaxed” Ramsey planner, as
defined in 4.

5.1 The Ramsey optimum

Again letting 72 denote the Lagrange multipliers on the budget implementability conditions
(19), we incorporate the households’ budget implementability conditions into the planner’s
maximand via the pseudo-utility function. The Ramsey planning problem can then be written
in the following manner.

Ramsey Planner’s Problem. The Ramsey planner chooses an allocation:
2 ={y°(s"), 47 (s). C(s"), Y (s"), L(s") }izo,ses:

market weights ¢ = ('), constants T € R and x € R, in order to maximize (33), subject to:

Y() = [ ()5 + - m/ (O], Lt = w2

9), (27), and (28).
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Relative to the relaxed Ramsey planner, the unrelaxed Ramsey planner must satisfy all im-
plementability conditions in Proposition 2. This includes equilibrium conditions (27) and (28).
We let Btu(st)(1 — k)&(st) and Biu(st~!)ko(st~1) denote the Lagrange multipliers on the imple-
mentability conditions (27) and (28), respectively. We obtain the following Ramsey optimality
condition.

Proposition 5. A Ramsey optimum z* satisfies

p—1

m St’ St' _ s St f t
Wi (s) + Up(s) { LEE 2 1} (s iy + (1= )€ ity
m (gt st _ s(gt ; f(st) | »
Wo(st) + xUg(st) { el 4 1} [mw HEE] T+ -wee) [$] }

Proof. See Appendix A.8. O

Condition (38) is the Ramsey planner’s intratemporal optimality condition; it is the coun-
terpart to condition (34) of the relaxed planner. Relative to the relaxed planner, the Ramsey
planner is subject to implementability conditions (27) and (28). When these conditions are
non-binding, the multipliers on them are equal to zero and condition (38) reduces to (34). In
this case, the social MRS is equalized with the MRT. When these conditions are binding, the ratio
Wr(s')/We(st) departs from the MRT at the Ramsey optimum.

Furthermore, in contrast to the relaxed Ramsey optimum, note that the marginal rate of
transformation between labor and consumption at the Ramsey optimum is no more A(s;), but
instead Y (s!)/L(s). As long as the planner finds it optimal to deviate from flexible-price allo-
cations, and can do so using monetary policy, there will be misallocation between sticky- and
flexible-price firms. That is, any time monetary policy deviates from implementing flex-price
allocations, there is a loss in production efficiency.

Optimal monetary wedge. We use our characterization of the Ramsey optimum to char-
acterize optimal monetary policy. Following the Ramsey literature, we begin by presenting the
implicit labor wedge that implements the planner’s optimum. That is, for a Ramsey optimum
z*, we define an implicit “monetary wedge,” 1 — 73,(s"), by:
_ UL Y(s")
Ug(s') L(s")’

= XL~ 7i(s") (39)

where y* denotes the implicit fiscal wedge at this allocation. The following theorem provides a
characterization of 7}, (s'), the optimal “monetary tax.”
We now introduce our sufficient statistic the labor income distribution. LetZ : S — R, be a
positively-valued function defined by:
Picr (") 71O (st)

I(St) = K K R 147
Yier ™ (@) /n(0(se))

1+n
7

s

>0, where 7' =7 {)\Z + 041+ n)] (40)
¥

27

Vst e St



Recall that \¢ are the Pareto weights, ¢ are the market weights, and +* are the multipliers on the
implementability conditions in (19). Notably these are all non-state-contingent constants. As
aresult, 7 is a function of the current state s, alone, not the history, and in particular depends
only on the labor skill distribution, (6%(s;));c;.

Theorem 2. Let G(s;) = 0 for all s, € S. There exists a threshold Z(s*=1) > 0, measurable in
history s'=*, such that optimal implicit monetary tax 3, (s') satisfies:

T3 (s) >0 ifand only if I(s;) > Z(s™!),
T3 (s') =0 ifand only if I(s;))=1Z(s'™"),
T (s") <0 ifand only if I(s;) < Z(st™1).
Proof. See Appendix A.10. O

The function Z(s;) can be interpreted as a sufficient statistic for the level of labor income
inequality in this economy. As we show in an example below, the term \'/¢* + vi(1 + n) is
increasing in the household’s type: households with greater labor productivity have a greater
weight, \'/p" + vi(1 4+ n) at the Ramsey optimum than households with lower labor market
productivity.!? As the labor productivity #°(s;) of the high-type households increases relative to
that of the low types, the numerator of Z(s;) grows relative to its denominator. As a result, Z(s;)
is high in states in which high types are relatively more productive than low types, and Z(s;) is
low in states where the converse is true.

Theorem 2 states that the optimal monetary tax varies with the state and depends on the
level of labor income inequality, as proxied by Z(s;). There exists a threshold Z(s*~!) such that
when labor income inequality is strictly greater than the threshold, the implicit monetary tax
is positive. On the other hand, when labor income inequality is below the threshold, the im-
plicit monetary tax is negative (i.e. a subsidy). When Z(s;) is exactly equal to the threshold, the
optimal monetary tax is equal to zero.

5.2 Intuition

To understand the intuition for this result, recall the intuition behind Theorem 1. When the
labor skill distribution exhibits only proportional aggregate shocks, the tax system is sufficient
to achieve the optimal level of redistribution. In this case, fiscal policy optimally trades off the
benefit of redistribution with its cost—that is, the efficiency cost from distorting aggregate con-
sumption and aggregate labor—and this trade-off does not vary over time. Note that Theorem
2 nests this as a special case: when the labor skill distribution satisfies (35), the function Z(s;)
reduces to a constant equal to Z in all states, and the optimal monetary tax is zero.

10While it is true that high-type households have high market weights, ¢, at the Ramsey optimum, their
multipliers v/¢, are also high and dominate the overall direction of this term.
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Starting from Z(s;) = Z(s'~!), now consider a small shock to the relative skill distribution
that raises Z(s;) above Z(s'~!). The marginal benefit to redistribution increases in response to
this shock while the marginal cost remains the same. It follows that if state-contingent tax rates
were available, the optimal tax rate would increase. A higher tax rate implies that high-skilled,
rich workers pay more taxes than low-skilled, poor workers, but everyone receives the same
lump-sum transfer; hence an increase in the optimal tax rate provides greater redistribution.

When state-contingent taxes are unavailable, however, it becomes optimal for monetary
policy to step in and fill this role. Thus, when Z(s;) rises above Z(s'~!), it is optimal for monetary
policy to abandon implementing flexible-price allocations and instead mimic an increase in the
tax rate. Conversely, when Z(s;) falls below Z(s*~1), it is optimal for monetary policy to mimic a
fall in the tax rate, that is, to act as a subsidy: r]*w(st) < 0.

There is a clear distinction between using monetary and fiscal policy. Both monetary and fis-
cal policy can be used to drive a wedge between the MRS and the MRT of aggregate consumption
and aggregate labor. However, unlike state-contingent fiscal policy, state-contingent monetary
policy leads to an additional type of distortion: a wedge between the prices of sticky-price firms
and those of flexible-price firms. Equilibrium price dispersion results in misallocation and,
ultimately, a loss in production efficiency.

For this reason, monetary policy should be considered an imperfect substitute for missing
tax instruments. Were state-contingent tax instruments readily available, one could use these
instruments to implement a relaxed Ramsey optimum z* without any corresponding loss in
production efficiency. However, when such fiscal state-contingency is ruled out, as we have
assumed a priori, the next best tool is monetary policy. In this case, the best possible allocation
is a Ramsey optimum z* which necessarily features misallocation across sticky- and flexible-
price firms whenever Z(s;) # Z(s'™1).

Note that this additional efficiency cost of using monetary policy does not negate the intu-
ition provide above. To see this, start again from Z(s;) = Z(s'~!). Here, the fiscal policy is set
so that the marginal benefit of redistribution is equal to the marginal cost of distorting the in-
tratemporal margin, and monetary policy implements the flexible price allocation (7},(s") = 0).

Now consider a small deviation of Z(s;) above Z(s*~!). The marginal benefit to redistribu-
tion increases, the marginal cost of distorting the intratemporal margin stays the same, which
implies that monetary policy should abandon the flexible-price benchmark. But the marginal
cost in production efficiency due to such abandonment is, to a first-order, zero. This is because
at the flexible-price allocation, production efficiency is maximized. Therefore, any loss in pro-
duction efficiency due to misallocation of intermediate goods around this benchmark must be
of second-order. It follows that for small deviations of Z(s;) above Z(s'~!), the optimal monetary
tax must be strictly positive: 7;,(s') > 0.

The intuition provided above holds for small shocks around Z(s*~1), but what about for large
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shocks? In fact, Theorem 2 has makes no provision that Z(s;) be close to Z(s*~1).

The intuition does not change even when Z(s,) is far from Z(s'~!). As monetary policy moves
further and further away from implementing flexible-price allocations, it is true that losses in
production efficiency become first-order. However, these losses can never be strong enough
to reverse the sign of monetary policy—such an occurrence would lead to a contradiction.
This is because the only reason monetary policy abandons the flexible-price benchmark in the
first place is the planner’s distributional motive. Even if the loss in production efficiency may
dampen the extent to which monetary policy mimics a missing tax instrument as Z(s;) moves
further and further away from Z, it can never force monetary policy to reverse its sign: were that
the case, monetary policy could always do better by reverting to implementation of flexible-
price allocations, therefore contradicting the Ramsey optimality of the proposed allocation.

5.3 Monotonicity and partial state-contingency of taxes

We can provide a cleaner result than that stated in Theorem 2 if we partially relax our restriction
on the non-state-contingency of tax instruments. In particular, if we allow tax rates to be set one
period in advance: 7.(s'~1), 7,(s~1), or 7,.(s' 1), then the optimal monetary tax is monotonically
increasing in Z(s;).

Theorem 3. Let tax rates be set one period in advance: x(s=1) is measurable in s'=*. Then:
(i) 73, (") is strictly increasing inZ(s),
(ii) there exists a threshold Z(s'~') > 0 such that 73,(s') = 0 ifand only if I(s;) = Z(s'™1), and
(iii) the derivative of T}, (s") with respect to Z(s;) at the threshold is given by:
_ A7y (sh)

1
0o = —S—= =1-r)(n+vy)+k=>0 (41)
dZ(st) |z(s,)=z(s-1) p

and
sy

0
dp<

Proof. See Appendix A.12. O

When we give the fiscal policy some flexibility to respond to persistent shocks—when we
allow tax rates to be set one-period in advance!!'—we get a sharper characterization of optimal
policy in Theorem 3. The optimal monetary tax is shown to be strictly increasing in our suffi-
cient statistic for labor income inequality, Z(s;). It continues to be the case that there exists a
threshold, Z(s'~1), such that the monetary tax is equal to zero if and only if Z(s;) is equal to the
threshold.

'while this doesn’t go all the way to full state-contingency of tax rates, it does allow tax rates to target
the expected mean wedge in s, conditional on information up to history s*~1.
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Furthermore, with this relaxation of the non-state-contingency of tax instruments, the
derivative of the optimal monetary tax at the threshold can be derived; an explicit, closed-form
expression of this derivative is given in 3. It is strictly positive.

With this expression, one can show that the derivative of this derivative with respect to the
elasticity of substitution across intermediate goods, p, is negative. This is an intuitive result:
when there is dispersion in intermediate good firm prices, the final good firm substitutes to-
wards buying more inputs from the lower priced firms and less inputs from the higher priced
firms; in terms of allocations, this behavior manifests as a fall in production efficiency. There-
fore, the more substitutability across goods, the greater the loss in production efficiency when-
ever monetary policy deviates from targeting flexible price allocations. It follows that the greater
is p, the lower the slope of 7}, (s') with respect to Z(s;); monetary policy should be used to alesser
extent.

5.4 Numerical Illustration

We illustrate the mechanism underlying Theorem 2 with a simple numerical example. Suppose
there are only two household types, i € {H, L} of equal sizes (7! = 7l = 1/2). We consider a
labor skill distribution that features non-proportional shocks: in particular, we let the ratio of
01 /9L fluctuate across N = 10 possible states. For simplicity we assume states are i.i.d. and
uniformly distributed so that x(s’|s) = 1/N forall s, s’ € S. Finally, we setn = .5,y =2, 5 = .98,
k=.5and p = 2.

We numerically solve for optimal fiscal and monetary policy given equal (egalitarian) Pareto
weights (\f = Al = 1). Figure 1 plots the implied optimal monetary tax for different values of
0M (s4)/0%(s;). As this ratio increases, the optimal monetary tax increases.

In this simple example, the weight \/¢ + v¢(1 + n) of the high-productivity types is 3.486,
while the weight of the low-productivity type is -5.09. As a result, our sufficient statistic for
inequality, Z(s;) is increasing in the ratio 0 (s;) /6" (s;). Figure 2 plots the relationship between
T(s¢) and 67 (s;) /0% (sy).

6 Implementation

We now turn to implementation and show how the optimum characterized in Theorem 2 can
be implemented with the available fiscal and monetary policy instruments.

Fiscal policy. The optimal fiscal wedge is x*. Clearly there is no unique implementation of

this wedge, and any implementation of x* results in the same behavior for optimal monetary
policy. For the sake of exposition, in this section we set the firm sales tax such that it directly
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neutralizes the monopolistic markup and the labor income and consumption taxes such that
they implement the appropriate fiscal wedge. Specifically:

—1 1—
(1-7) <Pp> =1, and - :‘ = X" (42)

Optimal Monetary Target. We define the aggregate markup M(s’) in the economy as the
nominal price level divided by the firms’ nominal marginal cost; in logs:

log M(s') = log P(s") — log(W (s') /A(s")). (43)

Note that if we shut down aggregate productivity shocks, i.e. log A(s*) = A for all s’,then the
aggregate markup is equal to the inverse of the real wage, W (s!)/P(s'). We can now express
optimal monetary policy in terms of this target.

Proposition 6. Let tax rates be set one period in advance. Then the optimal markup satisfies:
(i) log M(s) is strictly increasing inZ(s;), and
(ii) there exists a threshold Z(s'~') > 0 such thatlog M(s') = 0 ifand only if T(s;) = Z(s'™1).

Proof. See Appendix A.14. O

Proposition 6 is essentially a restatement of Theorem 3 in terms of a nominal target instead
of the monetary wedge. The nominal target is the markup of the aggregate price level over the
marginal cost: when households pay a higher price for the final good than the cost to produce
it, it is as if they pay an “inflation tax.” If there are no firm productivity shocks, a higher markup
is equivalent to a lower real wage.

Recall that when the labor income distribution exhibits only proportional aggregate shocks,
it is optimal for monetary policy to implement flexible-price allocations. This possibility is
nested in Proposition 6 as the case in which Z(s;) = Z(s'~!) in all states, and monetary policy
targets a constant mark-up: log M(s!) = 0. Here, the level of zero for the log markup under
flexible-prices is arbitrary: it is only zero because we have set the sales tax in (42) so that it
cancels out the monopolistic markup. Had we not made that choice, the markup under flexible
prices would be a non-zero constant.'?

Away from this special case, when instead shocks affect the relative labor skill distribution,
the tax system is insufficient to implement the optimal level of redistribution. It is then optimal
for monetary policy to deviate from implementing flexible price allocations and target a state-
contingent markup. Proposition 6 tells us that the state-contingent markup should co-vary
positively with Z(s;), our measure of inequality. When inequality is greater than Z, the opti-
mal mark-up is positive, meaning that the aggregate price level should rise above the nominal

—1
12More generally, under flexible prices: M(s') = [(1 - 7) (ﬂ;pl)} forall st € S.
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marginal cost of production. In other words, in high inequality states, monetary policy should
target a lower real wage.

Variation in the real wage in some way works like variation in a standard fiscal tax rate. Recall
that a higher tax rate in this environment is more redistributive: although all households face the
same tax rate, high-skilled households pay more taxes (in levels) than low-skilled households.
The same is true with the inflation tax. Although all households face the same real wage, high-
skilled households provide more efficiency units of labor and therefore and pay more of the
“inflation tax” than low-skilled households.

Note, however, that the manner by which the proceeds of the inflation tax are collected and
redistributed back to households differs from how tax revenue is collected and distributed. With
standard fiscal instruments, tax revenue is collected by the government and redistributed to
households via the lump-sum transfer. In contrast, when the price level rises above marginal
costs, firms make positive profits; these profits, in turn, are distributed equally across house-
holds as households have uniform equity shares. It follows that a higher inflation tax is more
redistributive.

In our model proceeds from the inflation tax, i.e. firm profits, are isomorphic to lump-
sum transfers.!®> As we have mentioned previously, this equivalence relies on the assumption
that equity shares are homogeneous across household types. Admittedly, this assumption is
unrealistic—we make it only in order to have a clean benchmark for our analysis. In the follow-
ing section, Section 7, we relax this assumption and study an extension of our model in which
households own unequal shares of the firms. We find that our qualitative results remain robust
to allowing for heterogeneity in equity shares.

7 Heterogeneous Equity Shares

In this section we relax the assumption that households own equal shares of the intermediate
good firms. We let 1 + o' denote the share of equity held by a household of type i € I, with
> e o' = 0, and assume that equity shares are fixed. The household’s budget constraint in
nominal terms is then given by:

(14 1) P(s)c(s') + b'(s') — (1 +i(s")p'(s™ 1) + Z Qs s 2 (s s < (44)

gt+1 ‘St

(1 — 1) W (s (s") + (1 — m1)(1 + oDII(s') + P(s)T(s") + 2'(st]s'™1)

For now, we impose no restrictions on the cross-sectional covariance between labor skill type
and equity share, but we will discuss the implications of this covariance for optimal policy.

13This can be seen directly in the budget implementability conditions (19), in particular our definition
of T in (20).
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Throughout this section, we assume that the government is able to set all linear tax rates one
period in advance: 7.(s'71), 7,(s71), and 7,.(s'~!), and we abstract from shocks to government
spending: G(s;) = 0forall s, € S.

7.1 Equilibrium Characterization

We begin by characterizing the set of equilibrium allocations in this economy. The households’
intratemporal and intertemporal optimality conditions, (14)-(16), are unchanged relative to the
benchmark model (both at the individual and the representative household level). The flexible-
price and sticky-price firms’ optimal pricing equations, (22) and (23), respectively, remain simi-
larly unchanged.

What must be adjusted, however, are the implementability conditions corresponding to the
households’ budget constraints. The lifetime budget constraint of type ¢ is now equivalent to
the following condition:

1 — 7 H(sY) _
<ygm T
T e (50)T

> Bulsh) [U?(St)W6(<P)C(St) +UL (s (@, s6) L(s') — o' UL (s")
t st 45)
where T is as in (20) and I1(s?)/ P(s?) are real profits in history s*.1*

The only difference between this condition and the corresponding implementability condi-
tion in our baseline model is the third term on the left-hand side of the equation which includes
after-tax real profits. The emergence of this term is a direct result of the heterogeneity in equity
shares; note that it disappears when either ¢* = 0 or 71 = 1. Using this condition, we provide the
following proposition which characterizes the entire set of allocations that can be supported as

a sticky-price equilibrium.

Proposition 7. Let x(s'~!) be measurable in s'—*. A feasible allocation x € X can be implemented
as a sticky-price equilibrium if and only if there exist market weights ¢ = (¢'), a scalarT € R, a
strictly positive scalar x(s'~') € R, such that parts (i) of Proposition 2 is satisfied, equations 9,
27, and 37 are satisfied, and equation 45 for alli € 1.

DD Buls") [UE (swi(@)C(s") + UL (s"wh (w0, s0) L(s") + 09Q(s")] < U (s0)T,  (46)

where )(st) is defined as follows:

f st s(gt
Q(s') =U (") L(sY) [(1 - /{)%( ) +kK ( )] (47)
p

o (58) T ++(58)

14We derive this in the usual way by substituting in equilibrium prices into the household’s budget
constraint. See Appendix B.1 for the specific derivation.

+x(sHUF(s)C(s")
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Proof. See Appendix B.2. O

Proposition 7 is the heterogeneous equity share economy analog of Proposition 2 in our
baseline model. The only difference between the two propositions is the replacement of the
baseline economy’s implementability conditions in (19) with the heterogeneous equity share
implementability conditions in (46).

In order to derive the latter, we obtain an expression for real profits in terms of the allocation
and fiscal policy. Furthermore, the third term on the left-hand side of (46) includes a weakly-

=21; it is the ratio of the profit tax and

positive scalar denoted by 9J. This scalar is given by ¥ = 3=

the labor income tax.

7.2 The Ramsey Optimum and Optimal Monetary Wedge

We turn now to the Ramsey problem in the heterogeneous equity share economy. We first
present the following trivial result.

Proposition 8. If profits can be taxed fully, i1 = 1, then the optimal monetary tax 7i,(s') in the
heterogeneous equity share economy is the same as in the baseline homogeneous shares economy.
Therefore, the results in Theorems 1 and 3 apply.

Proof. If ¥ = 0 then (46) is identical to (19). O

When profits are taxed fully, it is irrelevant whether equity shares are homogeneous or
heterogeneous; in either case the implementability conditions for the household budget con-
straints are the same. As a result, Theorems 1 and 3 apply. Furthermore, note that as long as
these implementability constraints are binding, it is in fact optimal to fully tax profits.

Therefore, in order to make the analysis in this extension more interesting, we make the
following ad hoc assumption on 77 and 7.

Assumption 1. There exists a strictly-positive, lower bound 9 > 0 such that9 > 9.

This assumption essentially means that there exists some ad hoc constraint such that the
fiscal authority cannot tax profits fully nor drive 7, to infinity. For the remainder of our analysis,
we impose this assumption and set ¥ = .

The Ramsey planner has the same utilitarian social welfare function (31) as before. We define
the Ramsey problem in the following way. Provided that § > 0, we define a new pseudo-welfare
function W (-) as follows:

W (C(s"), L(s"), e(s"), si;0, v, A, 0) = W(C(sY), L(s"), 55 0,0, A) + 9 Q(sh)

§ 7_[_7, V’LO_’L

iel

where W is as in (32). With the new pseudo-welfare function so defined, we can recast the
Ramsey planning problem as follows.
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Ramsey Planner’s Problem. The Ramsey planner chooses an aggregate allocation,
(C(s),Y(s'), L(s"))stes:, market weights o = (¢'), constants T € R and x € R,, and
€ : St — R, in order to maximize the pseudo-utility function:

Z Z BLu(shHW7(C(sh), L(s"), e(s'), si; 0, v, A, o) — U (s0)T Z T (48)
t st

iel
subject to (27), (28), and the aggregate resource constraint (9).

Appendix B.3 provides a characterization of the Ramsey optimum. We characterize the im-
plicit monetary tax wedge at the optimum as follows

Theorem 4. Let tax rates be set one period in advance. Then:
(i) there exists a threshold Z° (s'1) > 0 such that 5;(s') = 0 ifand only if I(s;) = Z°(s' 1),
(ii) the derivative at 73,(s') = 0 satisfies:

_ dri(sh)

0o = dI(St) >0

I(s1)=Z7(s*7")

(iii) the threshold I° (s'~') is increasing in y_, ., w'v'o’, and

1°(s ) =1(s"")  ifandonlyif ) rw'vie' =0

el
Proof. See Appendix O

Theorem 4 states that when profit shares are heterogeneous, the optimal monetary tax is
increasing in the degree of labor market inequality, Z(s;), as in the case with homogeneous profit
shares. Therefore, our main qualitative result is robust to heterogeneity in equity shares.

However, the presence of heterogeneous equity shares changes both the slope and the in-
tercept of the response of monetary policy to labor income inequality. To see this, note that the
new threshold 77(s'~!) is increasing in )", 7'v‘c". This term is the cross-sectional covariance
between profit shares, o' and labor skill type, as summarized by +¢, the planner’s multiplier on
the type-i household’s budget constraint implementability condition. Recall that +* is increasing
with the household’s lifetime labor productivity. Therefore, a positive covariance implies that
high productivity households have higher profit shares.

When this covariance is equal to zero, Z° (s'~!) = Z(s'~1). That is, the threshold is the same
as in our baseline model with uniform equity shares. However, if this covariance is positive, then
77(s'71) > Z(s'™1); that is, the threshold at which 73, (s?) = 0 shifts to the right. (See Figure #?)

In order to understand this, note that when monetary policy increases the “inflation tax”
it targets a higher mark-up, increasing firm profits. Depending on how profit shares co-vary
with lifetime income, this can either curb or exacerbate overall income inequality. If high
productivity-type households have higher profit shares, then greater mark-ups lead to greater
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dividends to the high types. In this case, it is optimal to begin taxing wages (and increasing
profits) at a higher threshold of labor market inequality.

While a greater monetary tax decreases labor market inequality, it exacerbates dividend pay-
out inequality if the covariance between labor productivity and profit shares is positive. Despite
this, the optimal monetary tax is still monotonically increasing in labor market inequality. In-
tuitively, profit shares are fixed, therefore as labor market inequality becomes more severe, the
value to the planner of decreasing labor market inequality increases at a rate faster than the cost
of increasing dividend payout inequality.

To conclude, the presence of heterogeneous equity shares changes both the slope and the
intercept of the response of monetary policy to labor income inequality, but it does not alter the
general lesson that the optimal markup should covary positively with a sufficient statistic for
labor income inequality.

7.3 Numerical Illustration

[Need to add description of numerical illustration.]

8 Conclusion

In this paper we study optimal monetary policy in a dynamic, general equilibrium economy
with heterogeneous agents, complete markets, and a motive for redistribution. We find that
when preferences are iso-elastic and there are no shocks to the relative skill distribution, all
redistribution is done via the tax system. In this case it is optimal for monetary policy to imple-
ment flexible-price allocations. It does so by targeting a constant mark-up in response to TFPB,

38



government spending, and aggregate skill shocks.

On the other hand, when there are shocks to the relative skill distribution, the available tax
instruments are insufficient. In this case it is optimal for monetary policy to deviate from imple-
menting flexible-price allocations by instead targeting a state-contingent markup. We find that
the optimal markup co-varies positively with a sufficient statistic for labor income inequality.

There are many interesting channels that we have abstracted from in this paper. First, al-
though we allow for differences in labor productivity, there is perfect reallocation of efficiency
units of labor across firms in our economy. Furthermore, labor productivity is modeled as
a type-specific, stochastic process that is contingent on the aggregate state, but this process
is exogenous—we do not allow for endogeneity of labor productivity to the monetary policy.
Finally, several papers document the distributional effects of monetary policy shocks; see e.g.
Doepke and Schneider (2006); Coibion, Gorodnichenko, Kueng and Silvia (2017); Auclert (2019).
We abstract from the heterogeneous effects of monetary shocks, and focus solely on how an
inflation tax that affects all households uniformly can be useful for redistribution. We leave
exploration of these channels open for future work.
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A Appendix: Proofs

A.1 Household optimality

In this section of the appendix, we derive the optimality conditions for household i. We let
Btu(st)AY(st) denote the Lagrange multiplier on household i’s budget set at time ¢, history s.

The first-order conditions for household ¢ with respect to consumption and labor are given
by, respectively:

u(sHU(s) — (st AT (1) (1 + 72) P(s) = 0, (49)
u(swei(l&)rfz(st) (A (s (1 — )W (st) = 0, (50)

where U!(s') = 0U(-)/9c'(s') and Uj(s') = OU(-)/0h'(s') denote the marginal utilities of the
household of type i with respect to individual consumption and work effort. The first-order
condition with respect to nominal bonds b*(s?) is given by:

Bl A (sh) + 3 (AN (4 () = 0. 1)

stt1|st
The first-order condition with respect to Arrow security 2*(s'*1) is given by:

Bt (s A (sH) Qs st) + B (st AN (s = 0. (52)
The household’s transversality conditions for nominal bonds and Arrow securities are given by:

lim B'u(s")A'(sHbi(s") = 0 and lim B u(s")A'(s)Q(s"|sh) 2 (s 1) = 0

t—o00 t—o00

Combining (49) and (50), we obtain the household’s intratemporal condition:

1 U (- W ()
Gi(s) Ui(sh) — (11 7o) P(s) 53

Using the fact that U!(s!) = A(s')(1 + 7.) P(s?), we may rewrite the Euler equation for bonds as

(4 St—i—l
Pish) =B +i(s) Y u(st“\st)%((sm)), (54)

stt1|st

Finally, the Arrow security price must satisfy

Ui(s+1) P(s")

Qs 1s") = Bu(s"™1s) B T

(55)

where p(stTst) = p(st+1)/u(st) is the probability of s'*! conditional on s.

42



A.2 ProofofLemmal

Condition (53) of the household’s problem implies that in any equilibrium, the following condi-

tion must hold: ,
1L Ui(s") _ (=—mW(s") 1 Uf(s"

COi(se) Ul(sh)  (L+me)P(sh) — 6F(se) UE(s")

for all types i, k € I. Consider now the static subproblem described in Lemma 1. Let pc(s?) and

pr(s?) be the Lagrange multipliers on the constraints in (13). The first-order conditions of this
subproblem are given by

P'UL(s") = pelsh) =0,  Viel (56)
1 - . ,
(2 _ (] — I
© 5 (sn) Ui(s") + pr(s") =0, Vi e (57)
Therefore ,
1 Ui(s")  pu(st) 1 UK

O (s) Ui(sh)  pelsh)  OR(s) UK(s")
for all types i,k € I. It follows that the solution to the sub-problem coincides with the equilib-
rium allocation. Finally, the envelope conditions for this static sub-problem are given by:
UZ(s") =" Ue(CH(C(s"), L(s"); ),
U (s') =¢' Ui(L(C(s"), L(s"); 9)),

0 (st)

for all i € I. Next, with the separable and isoelatic preferences assumed in (1), the FOCs in
(56)-(57) can be written as

p'c'(s") 77 = pe(s’) =0

i 1 (s ! ty _
e g =0

Combining these conditions with the resource constraints in (13), we obtain the linear expres-
sions in (17) for individual consumption and labor with shares given by (18).

A.3 Derivation of Budget Implementability Conditions

We derive condition (19). We take the household’s budget constraint in (2) for type i € I,
multiply both sides by A?(s?), and use the household’s FOCs in (49) and (50) to substitute out
consumption and labor prices. Doing so, we obtain:

1
Gi(st)

Uis)el (1) + oo Ui (') =M ()21 (s1157) — A¥(st) 37 QUs [ (s+1|s1) — A¥(sbi(s")

stt1|st

+AY(s) (1 +i(s" B (s ) + A (s P(s)T (")
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where we let )

Pt

Multiplying both sides by 3'u(s?), summing over ¢ and s, and using the household’s intertem-

— r)TI(s). (58)

poral optimality conditions (54)-(53) to cancel terms, we obtain:

5230 ts) U206 + s V| < Vi

0 (st)
where 1
T = K1+ )Pl 2 Z Bl u(sh) A (s') P(s') T (s").
Therefore

T 1 t t b Nt
= G L LS UTE)

for all ¢ € I. Finally, using the solution and the envelope conditions for the static sub-problem
described in Lemma 1, as well as the fact that individual allocations satisfy (17), we can rewrite
the above conditions as:

D> Bu(sh) [UB(s"wi(@)Cs") + UL (s)wh (0, se) L(s")] < UE (s0)T

where

= (1 + Tc t t H(St)
T §:§jﬁ T+ A=) 55
for all ¢ € I, as was to be shown.

A.4 Derivation of Sticky-Price Firm Optimality

The sticky-price firm solves the following problem:

e £ oo () -8 ) )

stlsf 1

The first-order condition with respect to p’ is given by

s St—l P St S St—l —p
2 QT {(1_”)@ (") Y e (re’) Y } -

8t|5t71

Rearranging gives us:

> s s () {p§<s“> Jaem (1)) e } -0

St‘st71




Substituting in the equilibrium Arrow prices Q(s|s'~!) from (15) yields:

m (gt _ -1 st
S ulss Y Pty {pﬁst-l) ~la=m ()] ij&))} ~0

st|st—1

Solving this for p;(s~1) gives us (23) with ¢(s'|s'~!) defined in (24).

A.5 Proof of Proposition 1

Necessity. In any flexible-price equilibrium, all firms set the same nominal price. The demand
functions in (4) then imply that all firms produce the same level of output, proving necessity of
Y (st) =Y (s forallj € J.

Aggregation over the flexible price (22) implies that the aggregate price level is given by:

P(st) = [(1 —7) <p; 1)] - Z((jtt)), Vst € St (59)

Condition (25) follows from combining the aggregate price in (59) with the household’s in-
tratemporal optimality condition (14), and letting x denote the labor wedge as follows:

_(p-1\A-—m)(A—7)
XZ( p > 147 ' (60)

Finally, the derivation of the set of necessary conditions (19) is provided in Appendix A.3.

Sufficiency. Take any feasible allocation z € X, vector ¢ = (¢), and scalars T € Rand y € R
that satisfy conditions (i)-(iii) of Proposition 1. We show that there exists a price system p, a
policy €2, and asset holdings ¢, that support x as a flexible-price equilibrium; we construct these
objects as follows.

First, we set intermediate-good prices according to:

pl(sh =pl(sh = P(s'), VjeJ

where we normalize the aggregate price level to one: P(s') = 1 for all s*. These prices, combined
with ¢/ (s!) = Y (s?), ensure that the CES demand function (4) is satified for all j € J.
Second, we set the tax rates (7, 7., 7-) such that they jointly satisfy:

1—7)(1—7r —1\ !
()

For any strictly positive x and p > 1, such tax rates exist. Combining this with condition (25), we

_gggzg Gf;) _ (f’;l> (1 —7)A(s)- (62)

obtain the following:
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Given tax rates (74, 7., 7;), we set the real wage W (s') as follows:

" _7UF(st) 147
e =~ (17) 6

and therefore satisfy the household’s intratemporal condition in (14). Substituting the above

expression for the real wage into (62) and re-arranging gives us:

fon (5] 0

Therefore the flexible-price firm’s optimality condition (22) is satisfied.

Next, we set Arrow prices and the nominal interest rate as follows:

ng(st-i-l)
Ug(s?)

and 1=+ Y ule ) o)

)
s v ()

Q(s"sh) = Bu(s|s")

and therefore satisfy the household’s intertemporal conditions in (15) and (15).

What remains to be shown is that we may construct bond holdings such that the household’s
budget constraints are satisfied at this allocation in every history. To do so, we first choose any
sequence T'(s') that satifies the following condition:

T = Gl 7] 2o 2o P )

Next we take the household’s budget constraint in (2) for type ¢ € I. Multiplying both sides by
Btu(st)AY(st) and summing over all periods and states following period r, history s”, we get:

Z Z/Bt (1+Tc) ( —i—bl Z Q t+1’8 t+1‘8

t=r+1 st sttl|gt
Z > B ) [(1 = 7)) W (") (s") + T(s") + (1 +i(s" )i (s + 2°(s[s"1)]
t=r+1 st

where we let T'(s?) + (1 — m)II(s?) = T'(s'). Substituting in the household’s FOCs for bonds (51)
and Arrow securities (52) we get:

Z > Bluls ) [(1+7e)e Z > Buls ) [ = m)W(s")E'(s") + T(s")]

t=r+1 st t=r+1 st

+ Z Br—f—l r+1 Az( r+1)(1+z~(8r))bi(sr)

ST+1 ‘ST

Rearranging gives us:

B u(s")A! Z > Blus ) [+ 7)e'(s) = (1= m)W (s (s") — T(s")]

t=r+1 st
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Next, using the household’s FOCs for consumption and labor (49) and (50), we obtain:

B u(s")UL( by z if ot 1 i) pif ot Ui(s") ~

BEEEa t;lgﬂ ) [pEehe e + ot - T
which we may rewrite as follows

Us(s") t—r (ot Ui(sh) (st 1 TRV AN Ui(s") ot

O = 30 0t [0 + U - P

t=r+1 st

Therefore real bond holdings of household i are given by

v = (7). {Z S5 187) D) + U f)—ff%ﬁijg(f)]}

t=r+1 st

for any period r, history s".

A.6 Proof of Proposition 2

Necessity. Condition (22) indicates that all flexible-price firms set the same nominal price; sim-
ilarly condition (29) indicates that all sticky-price firms set the same nominal price. Combining
this observation with the demand function in (4), we infer that all flexible-price firms produce
the same level of output and all sticky-price firms produce the same level of output, denoted by
yf (st) and y*(st), respectively.

The flexible price firm sets its price according to (22). Rearranging and dividing through by

pl(s") p—I\N]T W(sH
rer 10 (5] menae =°
Using the CES demand curve,
y(sh) _ (plsh) "
v(sh) —\PGsh) )

the flexible-price firm optimality condition can be written as:

o] o - ()] pmites =0

Combining the above condition with the household’s intratemporal optimality condition (14)

P(s') gives us:

yields equilibrium necessary condition (27) with x defined in (60).
As shown in Appendix A.4, the sticky price firm sets its price according to

T C ) S TR o

St‘st—l
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Using the CES demand curve,

yi(s) _ (ps )\
Y(s') P(s') ’
the sticky-price firm optimality condition can be written as:

= sz 1] o ()] s} o

St‘st—l

Combining the above condition with the household’s intratemporal optimality condition (14)
yields equilibrium necessary condition (28) with x defined in (60). Finally, the derivation of the
set of necessary conditions (19) is provided in Appendix A.3.

Sufficiency. Take any feasible allocation z € X, vector ¢ = (¢'), and scalars T € Rand y € Ry
that satisfy conditions (i)-(iii) of Proposition 2. We show that there exists a price system p, a
policy ©, and asset holdings ¢, that support x as a sticky-price equilibrium; we construct these
as follows.

First, we set prices such that: p/ (s') = p{ (s') forall j € 7/ and p! (s*) = p(si~!) forall j € J*.
That is, all flexible-price firms set the same price and all sticky-price firms set the same price.

Next, we set the tax rates (74, 7., 7-) such that they jointly satisfy (61). For any strictly positive
x and p > 1, such tax rates exist. Combining this with conditions (27) and (28), we obtain the
following two conditions:

[yf<st)]_l/p+U2n(3t“+TC [(1_Tr)<p_1>}_1141 —0, (65)

Y (st) Uf(st) 1 —m p (st)
and
St~ (615 (" yi(s)] 7 Ur(s) 14 7, . p—1\17" 1 B
PR ){[WJ * i |0 (5] o

Given tax rates (7y, 7., 7,-), we set the real wage as follows:

W(s)  UPMsh) <1+rc>7 (67)

P(st) _Ug(st) 11—

and therefore satisfy the household’s intratemporal condition in (14). Substituting the above
expression for the real wage into (65) and (66) rearranging gives us:

] Fe [ (5] o

S sl HUB () { [nggjf))]_l/p— vl o (28] A(lst)} o

St‘st—l

and
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Combining these with the CES demand functions () and () we get:

pl(sh)  W(s) [(1—n) (Pglﬂl Al —0.

P(s)  P(s) G0

and
st~ (Y (st pi(s )\’ pf(st_l)iVV(st) . p—1 -1 B
2o MDY (%) { e [0 (5] A<st>}‘0‘

Finally, with some rearrangement, we get:

R

and

RNACH _ p—1\1" W(st)
t| -1\ C t t\p s t—1y _ —
PRl Gl {ms - la-m (252)] S -
Therefore both the flexible-price and the sticky-price firm’s optimality conditions, (22) and (23),
are satisfied.

We define an arbitrary, positively-valued function » : S*~! — R. Given tax rates, we set the
sticky price and the nominal wage as follows:

—1
pi(st) = [(1 —7) (p_lﬂ h(s™Y and @ W(s') = )A(st). (68)
p
Furthermore, we set the flexible price such that the following condition holds:
pl(s) = e(s") P (s ). (69)

These prices, in conjunction with condition , ensure that the equilibrium demand function 4 is
satified for all firms j € 7.
Furthermore, note that (68) and (69) imply:

The latter indicates that the flexible-price firm’s optimality condition in (22) is satisfied at these

prices.
Next, aggregating over the prices constructed in (70) according to (10), we obtain the follow-
ing expression for the aggregate price level:

P(s") = [re(s) =" + (1 — k)] ™7 [(1 —7) (p - 1)} CY (71)
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Combining this with the tax rates (7, 7, 7-) set according to (61) and rearranging we get:

1- Tg) W (s
1+71.) P(st)

X [re(s)' 7P+ (1 - H)]iﬁ A(sy) = <
Combining this with equation (27), we obtain the following condition:

_UF(st) (1-7 W (st)
Vg <1 m) P(sh) (72)

Therefore, the household’s intratemporal condition in (14) is satisfied at these prices.
Given the price level in (71), we set the state-contingent debt prices and the nominal interest
rate as follows:
vg(s™) P(s")
Uén(st) P(St+1)

U (s'*1)
Uz (st)
(73)

Q(St+1’8t) _ 5M(8t+l‘8t) and 1=p8(01+ z'(st)) Z u(st+1!st>

st+1 ‘St

We therefore satisfy the household’s intertemporal conditions in (15) and (15).

We next prove that the price of the sticky-price firm constructed in (68) is optimal from
the sticky-price firm’s perspective. To do so we use equilibrium condition (28); note that this
condition is equivalent to the following one:

ST ulst s UE sy (s") [me(s) 0 + (1= k)] T (e(s) = 1) =

St|st71

Rearranging, we obtain:

1

D SR (sl UG (s")y? (") [me(s') 77 + (1 — ﬁ)]:l_p : (74)

D stfsr (s |sTHUE (s)yo(s) [Re(s') 1= 4 (1 = k)] 0 €(s")

Next, using the Arrow prices constructed in (71), we have that the risk-adjusted probabilities

defined in (24) can be written as follows:

u(st‘st_l)Ugl(st)ys(st)P(st)_l
Dsrpsi—r (s [sTTHUE (sY)ys(s!) P(sh) 1

Furthermore, the aggregate price level constructed in (71) can be written as:

q(s'ls'™) = (75)

=t o (550)]

where we have substituted in the nominal wage constructed in (68). Substituting this expression

for the price level into (75) gives us the following expression for ¢(s’|s'~1):

g(st)stY) p(s'|s =D UE(sN)y  (s") [me(s) P + (1= w)] T2 GO (76)

Dstjse-r M [THUE (sN)yo (") [me(sh) = + (1 = K)] 70 €(s")
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Using (76), we can re-write condition (74) as follows:

1= z E(St)—lq(st|st—1)

st‘st—l

Substituting in the nominal wage constructed in (68), this becomes:

1= Z Ij:éi))h(st_l)_lq(st‘st_l).

st‘stfl

and multiplying both sides by h(s*~!) gives us:

Z A t t|8t 1).

Stltl

That is, nominal wages have been constructed such that h(s'~!) is equal to the (risk-adjusted)
expected nominal marginal cost given information set s'~!. Substituting this into our expression
for the sticky-price in (68), we obtain the following:

e = o (1) f|~‘4 ") (s

Therefore the sticky-price firm’s optimality condition (23) is satisfied.

Finally, what remains to be shown is that we may construct bond holdings such that the
household’s budget sets are satisfied at this allocation at every history. For this we follow the
exact same steps above used to obtain equilibrium bond holdings in the sufficiency portion of
the proof of Proposition 1. Following these steps, real bond holdings of household i are given by

bi(sr)_ Ui(s") t—r (ot Ui(sh)el (st 1 i\t Ui(s") =/ 4
ol = (1)) {ZZB (s']5") [C<s>c<s>+9,.(8t)w<s>£<s>—(H%)T(m]}

t=r+1 st

for any period r, history s”.

A.7 Proof of Proposition 3

The Relaxed Ramsey planner’s problem is to choose an allocation € X', market weights ¢ =
(¢%), and T € R, that maximize the pseudo-utility function in (33) subject to technology and
resource constraints (6)-(8). First, note that at any history s?, the planner can solve a static sub-
problem: maximize final good output Y (s*) given productivity A(s;) and aggregate labor supply,
L(s?). Specifically:

subject to L(st):/ n?(s")dj.
14



The first-order conditions for this problem yield: n/(s') = n/'(s!) = L(s?) for all j, 5’ € J, which
implies that at the planner’s optimum ¢/ (s*) = Y (s) = A(s;)L(s') forall j € J.
Using this result, we can rewrite the relaxed planner’s problem in terms of aggregates alone:

max Z Z Btu( (s"), L(s"); 0, v, A) — UZH(s0) Z T

{C(s),Y (1), L(s") }o,T =y

subject to
C(s") + G(s") =Y (s') = A(s)L(s"),  Vs' e S (77)

We let 5t u(s')¢(st) denote the Lagrange multiplier on the time ¢, history s' resource constraints
in (77). The first-order conditions of this problem give us:

Bt u(s"YWe(sh) — B u(sh)i(sh) = 0,
B u(s"WiL(s") + B u(s")é(s") A(sy) = 0.

Combining, we obtain the relaxed planner’s optimality condition in (34).

A.8 Proof of Proposition5

We let Btu(st) (1 — k)&(st) and Bl u(s'~1)ku(s~1) denote the Lagrange multipliers on the imple-
mentability conditions (27) and (28), respectively. We write the planner’s Lagrangian as follows:

ﬁzEZMWﬁmaﬂMﬂWMM
# XS e (9 i 4 1= (T - vsh |
TP y*(s") . y'(s") _ L(st
# S AR R+ (0= - 16
F3 S () {Y () — O ~ Glso)}

t,(ot—1 t—1 t) t—1Y, 5/t m oy [V () e my oty L
#3033 (s e [ e

st|st—1
f st —1/p
DO CIERT <t>yf<8t>{’<w(st) (Fi) o (S”Aét)}

The FOC with respect to y*(s?) is given by:

N

p— p—1 - P—lil 1

0 =¥ () 6 7 + (1= (5] ) 79
ety dogmeay [EO) ™ L L o [ ]
+ >{ch< 2] e - b [£E]
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The FOC with respect to yf (s?)

0=(1—-r) (s [nys(st)% +(1- /i)yf(st)ﬂ;pl] . yf(st)%f1 +(1- ﬂ)gL(st)A(it) (79)
fraty\ /e frotyy—1/p
t m( .t ) (S) m( .t 1 1 m( .t Yy (S)
L= R {xUC () O g - o [ }
Note that (78) can equivalently be written as:
-1 =175~ p1 S( gt
0 =k (s {Rys(st)% + (1 - ﬁ)yf(gt)T} P 1ys(5t) ;o EgL(St)il((jt)) (80)
t—1\,,s( .t m (.t ys(st) /e p— 1 m (.t 1
(s (s {xUC e e T
or
_ Y.t y*(s") e N t—1 mo oty [4°(5) e p—1 mpty L
0=¢ (s)[Y(st)] +3 (s)A(St)—i-v(s ) xU&(s) Y () + U ( )A(st)
(81)
Similarly, note that (79) can equivalently be written as:
= 7(s")
82
As) B2

or

f(st -1/p It ~1p
0= || e +s<st>{er”<st> e I o }<83>

Summing (80) with (81) gives us:

0=¢"(s")Y (s') + ¢"(s")L(s") (84)
pP—1 ¢ -1y [¥°(5) e _ t yf(3t> e
PRV [ [ - ()
U () s (R0 + (1= s ()]

We can rewrite the above condition as follows:
H(sh) + Ui”@)W [ko(s' )y (s") + (1 = w)&(s")y/ (s")] Y (sh)

(1) v ot [e] - ween (§3) ]

~—|
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Next, the FOC with respect to C(s') is given by:

y*(s")
Y (sh)

yf(st) -1/p
Y (st) ’
(86)

—1/p
o:wc<st>—g0<st>+m<st—l>xys(st>Ugc<st>[ ] +<1—m)&(st>xyf<st>vgc<st>(

The FOC with respect to Y (s!) is given by:

S({ ot *1/9 S( ot
0= = (b e (] R e ()
(87)

The FOC with respect to L(s') is given by:

0= Wi(s') — < (s") + mv(st*)yS(sf)Uﬁ(sw@ +(1- m)&(st>yf<sf>Uﬁ<sf>@, (88)

Combining (86) and (87) we get:

s —-1/p f -1/p

(s Welst) + muls (08 [ |+ (1= e (e (U

ys(st):| —1/p

1 t— m (.t
+ ;m}(s 1)XUC (s") [Y(st)

This reduces to:

)= Welsr U () + LU [“U<s”> kel 1w <yf(8t)>l_l/p]

Y(s) Y(s)
(89)
and from (88) we have:
1
Hs') = Wi () + UL ) s [l (6) + (1= me(s)’ () (90)
Substituting these into (85) gives us:
Wr(st) + {Uﬁ(st)@ + UF(st)m} [ro(s™ )y (s") + (1 = w)&(s")y/ (s")] Y (sh)

Welot) +x Vg () + U0} e [5E5] T w0t ()

We can rewrite this condition as follows:

m t St _ s(at f(at
Wi(s!) + Up () { i + 1} (s )it + A= e it vt

m (gt st s(gt 171/,0 st 1*1/[’ o L St
We(st) + xUZ (sh) {7%%(6”()5{)( ) 4 1} |:/€’U(8t_1> [7%’/&))} + (1 —k)&(sh) (gé&) } (%)

as in (38).
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A.9 Proof of Proposition 4

We set government spending to zero, Y (s') = C(s'), in all states s € S*. [So far can only prove it
without govt spending shocks.]
Given an arbitrary x, we have the following optimality condition:

Wi (s) + U () (1 + ) sy [mo(st)

Vi + (1= mEE Y
Welst) + XU (6 ) [t [£63] ™ + (1= e [4

We combine this with the implementability condition (27) and obtain:

St St _ s St f St
P+ (14 ) gl [mu(st )8 + (1 - (s
IR (1) [nv(st_l) [

= () e
pe] " e [peg] ] VT A

With proportional aggregate shocks,

We(s') = UZ (s Qe ()

and Wr(s) = U () ().
where
i A i i i X
QC:ZﬂwC(cp) [Z—i—y(l—’y)} and QLEZTFWL((P) [i—I—l/(l—i—n)}
iel ¥ iel ¥

are constants. Substituting this into (91) gives us the following optimality condition:
st - s(at f(gt
QL(<,0)+(1+77)% [Fw(st 1)y((sf«)) —i—(l—/ﬁ)f(st)y ( )}

y!(s")
X 1Qc(p) + (1 —7) [Fw(st—l) [m

-( )”” RN
e } (1 R)E(sY) Hf(sf)} ”,,] Y (st) A

st)L(s")
Next we combine FOCs (81) and (83) in order to obtain:

~

(92)
_ s(gt 1/p T —
(s + v(s ) {xUz;”(st)ppwUz%(st)Aét) 569 ] } (i)™
= (93)
_ )11/ s(sty1—1/P
(o) + 60 v st + upen s [69] Y [
Furthermore, condition (89) can be written as:

§Y(St) _ Wc<8t)+XUgL(St) {UgbC(St)C(St)

)

P

Therefore:

O (s1) = Um(sH) e () + XU (s") {; _ ,y} [m,(su) {ys(s )
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Substituting this into (93) we get:

s(st) | o f(st) ]| » _ - m (gt s(st 1/p
X 1Qc(p) + {% — *y} [m)(stl) {%gstﬂ + (1 — Kr)E(sh) [%/((St))} ] + (st % + gggstg XAI(St) [:g/((st)):| }

o fF(st)y| » -1 Ur (st f(st 1/p
|7 et [3] 7| e {5 B [95]

1900 + {3 =7} [oler) [§69

Again using the implementability condition (27) we obtain:

X Qe (p) + {% - 7} [,w(stl) H((j))} & + (1 — Kr)E(sY) [z;/f((ss))} ] + (st {p;l _ W((Ss;))rl/p [15((;:))]1@}

100(0) + {3 =} [molst ) [

v

We thus have a system of four equations in four unknowns. The four equations are (92), (94),
along with the two resource constraints in (37). The four unknowns are:

Y(s) i) (s
{A<st>L<st>’ y(sh) Yt )}

We may relabel these as variables as follows:

P06 6660} = { gl Y Y €60 (99

We rewrite the four equations with the relabeled variables as follows:

QL(p) + (L + )Y (s") [ro(s'™ g (s") + (1 — k)&(sH) 7/ (s)]

o =9 ()Y ()
X 100(9) + (1= ) [ro(s)ge(s) T + (1= mE(F ()7 |

p—

W 1Q0(p) + (1 =) [ro(s ()T + (1= D ()7 | - Le(s) 7(s")

1= k(s + (1—r)§ ()7,

10e(e) + (3 =7) [l hp ()T + (1= 0eOF ()7 | ol {5 =g (Ve prg
1 ) p

L= wg*(sHY (s") + (1= )y’ (sH)Y ().

Note that these equations are identical across all states s, s’ conditional on s'~!. Therefore,
conditional on s‘~!, the quadruplet in (95) satisfies:

{V().5°), 7 (), €)'} = {T(),5°(6), 07 () 6, Wss €SI (96)

In other words, conditional on history s’~1, there is no variation of these endogenous variables
across states.

56



Finally we use the implementability condition (28). By combining it with (27) it can be

S sl )y ) { I (35(()))/} ~0

StISt—l

written as:

or,

> sl Uz sty () {7 (s T = g (s e =0

St|5t71

This is consistent with the property stated in (96) if and only if:
P =9 =1, s'[sh

It is therefore optimal for monetary policy to implement the flexible-price allocation given any
X-

A.10 Proof of Theorem 2

We set government spending to zero, Y (s*) = C(s!), in all states s* € S’. [So far can only prove it
without govt spending shocks.]
At the Ramsey optimum

m (gt s st o s(gt f(st
Wush) + U (9 { ™ + 1} ey [0 DEER + (- €] v

- Gc(st)C(st (st P771 st pi;l L(s!
Welst) + xUg(st) { Lgled e 4 1} [m s [$E] 7+ - mes [$E)] ] (s)
Iso-elastic preferences imply
Uo(OG) g UL
Up (s U (st
Therefore
Wr(st) + UE”(st)(l + 77)714(15?23,,) [ﬁv(st*1)$g§:; +(1—- n)ﬁ(st)g((j))] % st 97)
B s(st %1 st L;l B L( t)
Welst) + XU (61 =) [t [£3] ™+ 1= wieten) [#9] 7 |
With separable and iso-elastic utility
Weo( $)Y 7w { + i1 — 7)] (98)
iel
b\ i
Wr( waL ©, 5t) [(pi+y(1+n)] . (99)
iel



Substituting these expressions for W (s!) and Wy (s?) into (97), we obtain
L. B . st _ s(gt f(gt
Up(sty | Sier (oo [2 4 v+ 0)] + 0+ atsi [ EE + - e8] | vy
_Um St L. p . o pT_l . pT_l =
U\ Sermiwtion [ 410 =]+ xtt = ) ot [529] ™+ 1= e [729] |
Therefore the optimal monetary wedge satisfies
. i . s(gt L f(st %
() Tier miws) |2 411 =7)] + (1 =) [fwwt—l) B3] 7+ - me [
1—75,(st) =
s ek [5 4 (1 a)] + () ey [ DG + (L~ e U]
el L\ Pl A(se)L(st) Y (s?) Y (st)
Next we define a function Z(s;) and a constant Z as follows
Zﬂ' [ + M1+ n)} and Ic = (x") Q¢
i€l
The optimal monetary wedge can then be written as follows
St pTTl I t
o+ (1 —7) |:I£U( t=1) [?i/((st))} + (1 — k)¢ [%,(( ,))} ]
— (100)
L + (1= H)f(st)%/f( )}

1 — 7% ty
m(s) = 1 Y () 1
(St) + (1 +n) A(s0)L(s%) KU(s )

>~<

(s%)

Threshold. We first consider the conditions under which 7},(s*) = 0. In this state: y*(s")
yf (s') = Y (s) = A(s;)L(s"). Condition (100) reduces to:
[ Tt (L) [l +
 I(se) + (L4 ) [ko(s'=1) +

(1—r)E(s)]
+ (1= r)E(s")]

v(s'~1) in this state. Therefore:

Furthermore, conditions (81) and (83) imply that £(s?) =
_ Io+ (1=
Z(st) + (1 +n)o(s'1)

Solving this for Z(s;) we obtain the following threshold:
I(s'™) =Ic — (n+7)u(s)

When Z(s;) = Z(s'~1) the optimal monetary tax is equal to zero: 7;,(s') =0
Fictitious tax wedge. We next define a fictitious tax wedge as follows
_ t—1
1— 7A'(St) IC + (1 '7)“(3 _)1
Z(st) + (L+no(s'—1)

This wedge is unambiguously falling in Z(s;), as all other terms are constants. Furthermore
), this wedge is equal to one. As a result, the fictitious tax 7(s?)

note that when Z(s;) = Z(s

trivially satisfies:
#(s') >0 ifand only if Z(s;) > Z(s'™1),
7(s')=0 ifand onlyif Z(s;) = Z(s'™1),
7(s') <0 ifand only if Z(s;) < Z(s'™1).
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Multipliers. Conditions (81) and (83) allow us to write:

_ st 1/p s(gt -1/p
< (5) + €(s") {xvm<st>"p1 +UP () iy [$)] } g
which implies:

_ m st 1/P

Y (sh) +u(st™h) {XUén(St)ppl + U7 (St)A(lst) |:?§/((s‘)):| } yo(s') 17
= 1
o117 { T(st } ”

(o + e { et +upsh i [weg]

s (st pzl f(st L;l _ — m (gt
X Qc(e) + {% - ’7} [/{U(st_l) [?;/((y))} + (1 — K)E(sh) [Z{/((st))} ] + (st {p Ly ZL (s%)
v ( :

100(0) + {3} [ [5E3] 7+ 0wt [H69] 7 |+ e {5t + B

This implies:

.
1

where

Uzn(st) 1 __<yf(st) -1/p
e xAG) ~ \Y(s)
Up () TACO)
Ug(s) xAlse) LY(s) ]
-y fomr L Upe) 1 [T [een] V)
uls >{ 2+ Dt e | 10 ket
1 >1
f(st){pT—l}



: > 1
& {-1}
—1
o(s' ™) Tl
(st) pol | UG 1 [ys(st)}l/p B [yf(st):|1/p B
o Uz (s*) xA(s:) Y (st) Y (st
_ 1
U(St 1) S -5
é(St) UL"(S’ 1 [ys(st):| l/p _ [yf(st):| l/P 1
UZ (s') xA(se) Y(st) Y(st) P
v(sth) 1
> >1
S(St) 1 pUZL(St) 1 {[ ( t)}l//)i [yf(st)j|1//’}
Uz (st) xA(se) Y (st) Y (s?)
which implies
U(St—l)
> 1
£(st)

If v(st~1) > 0 then this means:

If v(s'~!) < 0 then this means:

also yf(st) —1/0_ Um(St) 1
<Y(St) ) T UE(sh) XA(s)
where U (s) y(s)
L\8 _ — St s
“rpey T I
e (yf(st)>_1/p (1 — Tk (St)>Y(St) 1
Y (st) - M7 L(st) A(sy)
where

V() (yf<st>
V() \Y(s) e \v)
JEE T (Y g [0



therefore when

then

thus

and when

then

thus

The optimal monetary wedge. Finally we consider the optimal monetary wedge:

p—1

which can be written as

1— Tj\}(st)

from our resource constraints:

and

61

s(st)] 5 f(st p%l
Zo+ (1—7) [m)(st_l) [@((St))} + (1= w)E(s") |:y}/((st))i| ]
* t
T (s') = T 1 t=1y_ v () o ty_ ()
(s¢) + (1 +n) |ku(s )A(st)L(s‘) + (1= r)E(s )A(St)L(St)
s(gt L;l st f(st %
Io + (1 =)v(s™) [H 3]+ - ma (4] }
= s (gt st f(st
I(se) + (1+n)v(st—1) [méﬁfst) +(1- “)%WLM
L[]
1=x Y] " ra-m Y]
y*(s") v/ (s")
1= 1-—
AL T T AL
f(st L;l st f(st pi;l
Te + (1 —)u(s') [1 —(-r) [H] T+ (- [4]
fry f St St f St
Zo0) o (1 m)ulst =) [1 = (1= )i + (= )i il



st f(st 0771 f(st p771
o+ (1= (s )+ (=)ot |- w55 (9] 7 - - [19] 7 |

1— 77 (sh) = —Tw _
(s + (1 mu(st=1) + (1+ nu(st=) (1= m) 5y ety — (1= ) aiistss |

f(st pT?l
P e G M ki lE:
— TM S = st
T(se) + (L4 m)o(s'=1) + (14 m)(1 = m)o(st=1) i [

First consider the case in which:

In this case: i
I+ (1 —=v)v(s')

Z(se) + (1 +n)v(st—1)

Therefore 73,(s') = 0 when 7#(s?) = 0, which occurs when Z(s;) = Z(s'1).

175 =1-7(s) =

Next consider the case in which
yi(s') _ yl(sh)
Y(st) = Y(s')

We know from above this implies

If v(st~1) > 0 then this means:

If v(st~1) < 0 then this means:
v(s™) < €&(sh) <0

f(st L;l ot
1 v (s) Tot+ (-l + 0 - - ki) [%/((8’))} {vg“)l) B 1}
— TM S = . t
T(s0) + (L mo(st=1) + (L4 m)(1— m)o(si=) 2o [ 860, 1]

When v(s'~!) is negative: the numerator of () is given by:

) e

Te+ (1 =7o(s™) + (1 =91 = r)u(s'™) [ - 1} <Zc+ (1 =7

the denominator is given by:

f(st st
Z(si)+ (4ol + (1 )1 = (st ] s 70 4 (o ot

In this case:
1—75(s") <1 —7(sh)

Thus



we have

then

Next consider the case in which

We know from above this implies

—— >1
v(st=1)

When v(s'~1) is negative: the numerator of () is given by:

FM17 T e(st
To+ (1= o) 4 (=)= mole ) (S50 T | 1 > 2o (- e

the denominator is given by:

f(st ot
Z(s) + (14 m)uls' ™) 4 ()= el S| ) 4 (s

In this case:
1—75(s") > 1—7(s")
Thus
Thi(s) < #(s")
T]E(st) >0
Skkeskoskok skoskosk skokosk sk skskok sksksk skoskk sk

To conclude, the optimal monetary tax rate 7;,(s') satisfies:

T5(st) >0 ifand onlyif Z(s;) > Z(s'7}),
T (sH) =0 ifand only if Z(s;) = Z(s'™),
(s <0 ifand only if Z(s;) < Z(s*™1).

A.11 Ramsey Optimum with one-period-in-advance tax

With taxes set one period in advance, the Ramsey problem can be written as follows. [See Ap-
pendix C for a derivation of the necessary and sufficient conditions for a sticky price equilibrium
when taxes may be set one period in advance.]

Ramsey Planner’s Problem. Let x(s'~!) be measurable in s*='. The Ramsey planner chooses an
allocation:

z={y*(s"), 4/ (s), C(s"), Y (s"), L(s") }azo,ses:

market weights ¢ = ('), and a constant T € R, in order to maximize (33), subject to (37), (9),
and (27).
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We let 81 u(st)(1 — x)&(st) denote the Lagrange multiplier on the implementability condition
(27). The Ramsey optimum can be characterized as follows.

Proposition 9. A Ramsey optimum z* satisfies

B Wr(s') +g(St)UFL(St)A(lst) _ Y(St) Vst € St (101)
; .

Welst) + (X (s U (s") (4

The optimal monetary wedge, as it is defined in (39), satisfies:

_ m_ (gt f(st _1//’
To(st) + € %230 (%9)

)
1—71i(s") = (ot (102)
N Z(st) + 66 T s
whereZo(st1) = x (st 1) 1Qc.
Proof. We write the planner’s Lagrangian as follows:
L= Bu(s"HW(C(s"), L(s"); o,v, )
t st
X e 6 { [ )5 (1= (7] - v
t st
trotN Lot y°(s) B yf(st) _ t
# 30D ) {0 1)
+3 > Buls)sC(s) {Y(sh) = O(s') — Gls)}
t st
Fraty\ —1/P
“1ym y'(s) m 1
e {xeen () e i)
The FOC with respect to y*(s?) is given by:
0 = re" (s {ﬁys(sg"% +(1— ,K;)yf(st)%l} e v (s T+ ﬁgL(St)A(lst)’ (103)
and the FOC with respect to y/ (s?) is given by:
p—1 p=1 %1_1 p=l_
0=(1= 0" () [ ()7 + (1=l (T T T 4 (1= R s a0
t
_ Lo t—1\rrm (.t yf(st) e 1
;g(s )X(S )UC (8 ) |:Y(St) yf(St)
Note that we can rewrite (103) as
1 St
0= HgY(st)Y(st)l/pys(st)"T + HCL(St)y (3 ) (105)
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We can also rewrite (104) as:

- f(gt froty]—1/p
(1) Y (ot t\1/p, f ()5 _ Lty(s)_} ¢ =1y rmy oty | Y (8)
0= (1=m)s¥ (Y ()7 ()7 (1w () s = el | Gy | 108
Summing (105) and (106) yields:
/p
_ Y .t t Lot N t—lmtyf(st)l
0=¢"(s)Y(s") +<¢"(s)L(s") pé(s Ix(s™)Ue (S)[Y(st) (107)
We can rewrite the above condition as follows:
L.t Y t
B v 1 i ) yi(s)]7YP - L((jt)) (108)
¥ (st) — Se(sx(sHuEest (Y] vy
Next, the FOC with respect to C(s') is given by:
It /p
0 = Wels') = <C(s) + E(s")x(s")UE(s") @((:’t))) , (109)
the FOC with respect to Y (st) is given by:
-1/p
_ Y.t Cyr.t } t t—1\rrm .t yf(st) ' 1
0= () + %6 + N IEE (Y00 )y (110
and the FOC with respect to L(s') is given by:
1
_ ty Lot NS
0=Wr(s") =< (s") +&(s )ULL(S)A(St)' 111

Combining (109) and (110) yields:

fo(ot 1/p fraty\ /e
Yoty t t =1y m oy (Y(80) 1.4 =1y oty (Y (sY) 1
(61 = Wele) + €O (55 ) e e () v
(112)
We combine (108), (111), and (112) in order to obtain:
Wi(s') + (s )UTL (s )A _Y(st)
o -1 i
We(st) + £(sx(st- U () (e H
asin (101).
Next, we substitute the expressions for W¢(st) and Wy (s) from (98) and (99) into the above
condition:
U (sh) i T (e, 51) | 2+ (L4 m)| + €t B s Y(sh)
S Uz(sh) (st T L(st)

. i . m (ot s —1/p
Sier T (¢) [ 2+ 01— )] + €lsx(s ) EEED (¥49)
Therefore the optimal monetary wedge satisfies:
. i . m_ (gt f(st -1/p
A1) T ey miw () [ 2 (1= )| + ) ) ($27)
Yier mwi (¢, 5) [% +vi(1+ 77)] + f(St)l[]J%(;:)) A(ls,,)
asin (102). O

1— 75 (s") =
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A.12 Proofof Theorem 3

We have that the optimal monetary wedge satisfies (39) while the implementability condition in
(27) can be written as follows:

7U£1(5t) — (g1 s yf(st) e
v XA <Y<st>>

Together, these conditions imply:

() =it
Substituting the optimal monetary wedge from (102) into (113) gives us:
) 2
I(s1) + &) Tkt sy (s')
Therefore:
UpL(s")

I(se)A(se)L(s") +€(s")

Ur'(s')

_ I(st 1/p m (gt
L(St) :IC(St—l)Y(St) (y ( )) +£(St)UCC( )Y(St)

SET GOVT spending to zero so that Y (s') = C(s'). Then

~ fst 1/p
Tls0) (s 1) + 16061 = Tels v () (5 ) = elsh)

which can be rewritten as:

st ~ st Frsty\ VP
I(St)+(77+’7) f( )S _IC(Stfl) Y( ) <y ( )) =0

From (113) we have that:

1 Y(s) <yf<st>>”p
L= (s")  Alse)L(s') \ Y (s')
Furthermore we define .
469 = Traypy e

Therefore the condition in () becomes
Z(s) + (n+7)Ze(sHEG") = Ze(s' ™) (A = 73 (s) T =0
Let g be the function defined by:
9(Z(s0),mar(s),E(s") = Z(s0) + (n+ N (s HEGB") = Zo(s (1 = 73(s") !
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Then by the implicit function theorem:

dry(s') _ dg/dI(s)) _ A 1
M) /Ay {4 ) To(st1) 550 = To(st=1) (<1) (1 - 73,(s) 2(-1) }
dri;(sh) _ dg/dZ(s;) _ A 1
o) AglT () Te (st )+ ) g — To(s (1 — 7y (1)
Therefore art ()
d%”(St) >0
if and only if A
L aé(s)
TR AU p g

Next in order to calculate the derivative dé(st)/dr,(s') we must first solve for &(st).

Closed form solution. The planner’s optimality condition (105) implies:

ys(stq—l/p

S (st) = ¢ () A(s1) [Y()

Substituting this into (107) we obtain:

s(gt 1/p st —1/p
0=V -6 [P AL - St |45
Thus
R I C R P C) il I S S G B sy 740 )
0= ) A E {wst)} PYTORT A LA )[mt)]
or
MG Y(sh  TyrH]] 1 esh [eieh]
T UEE | AL ) ] ST 7 -

From (112) we have:

Frgty\ P
&Y (1) = Wels) + (") (s Uia(s") (“ )) .

which we rewrite as follows:

S Wels) &) <yf<sf>>‘”"A<st>L<st>
A DUEE) XU T Als)L(s)
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Substituting this into (114) and rearranging, with Y (s*) = C(s!):
ey €6 (BT ALY (1
0_{%“t)+A@ﬂ@0<Y@w> Y (sh) @+p>
Dividing through by Zo(s*~1) gives us:

e (YN T AL (1
0_{1+5“”<Y@0> v ()

which reduces to:

0- Y6 —[?fjgﬂ_l/pﬂé(st)A(f})L(St) (g;f((;tol/p

BENRAC) [W
pA(sy)L(st) | Y

st (o)

Solving this for £(s*) we get:

[ywsf)]‘l/”_ v(s) | v <yf<st>>1/p
V() AOL | AoL V(s

1
" s () ] ]

Closed form solution as a function of tau. We can write this as follows:

We also have the following three equations:

1=ry*(s) 7 +(1—r)g/(sH,

— v(sH)if (st
1—TM(St) _Y( )y( )
Then
) P =V (sH| V(g (s (T - = g
by < LT TANTEOIE o [T )
V[Vt - g T - s ] go(st) s — V(st)




Combining the two resource constraints in ()

R (DY (1) + (1= m)g! (8 V (s') = k(") 7 + (1= m)g/ ()

rearranging:
R[5V () = 5797 | = == ) [ (Y (1) = 5 (1) |
R () V() = 5°(s) 7| = == i () [V (s) = 57 (s) 7
Therefore . (s
Y AT R “RY S [ty af oty
V) =56 7| = = S P60 = 0
~so =L oot _1_/‘537f(3t) (ot Sty
P =V = = S [V =6
Then _1
. L s 41 1 75 (st) "7
$H ==Y (sHgl (sHr { =1 - — : i
-1
f(sh) — 15 Ml (s d 1 - 1 & (s 7 gl (sh) !
() ’YY( () { (wl—/i) F’(st)gjf(st)i}}

from () we have that

Therefore:
—1
S . R L O I O R g CO
st = ZY (s’ (s') —
=Y { : <vpl—f€> 1=V (st) 1 (1) 7
-1
. Lo o p gt 11\ ()W ()™t — (1 — k) (s1) » V() !
$H==Y(sHg (sH)r { —1— [ — y
) gl SR { <7p1—/€> [1—Y(st)—1gjf(st)*ﬂ }

7 A O I BRI AR
where .
V(s ()7 = 1— s (st)



and
7 (sH) TPV () = 1= (st

o1 1 11\ gf(sH)Ww(shH) ™ 1 1—m(sh) -
£(s) —_— —1—< ) +

T 1 Tu(sh) wl—r) [L=T1+7u(sH)] o1 — 1+ 7a(s")]
a1 1 NFE) )T 11— )
=T { : <w 1- R) () e ) }

gl (s) 70 = V(s")[1 = 7 (s")]

(NP (ot — t 0t )t
I e —— {_1_<1 ! >Y<8>”Y(s>1[1—rM<s>]P 11—TM(3>}

Tl ()

Y ()P~ 1[1 — 7 (st)]P — (st -
fey- 11 {_1_<1 1 >Y<> L—mu(sHl 11— >}

Ty L= (s 1=k 7ar(s") v Ta(sh)
a1 11\ [T 11— |
A {1+ <7p1—f<¢> 7o (s") v T (st) }

skskokokkokkokskokkokk

We therefore get that when evaluated at zero:

drs(st)
dI(St)

—(l—ﬁ)(n+7)+f€;>0

A.13 Derivation of (9)

Under sticky prices, y*(s!) = €(s*)"?y/ (s*). From the firm production functions:

Aggregate output and aggregate labor thereby satisfy:

V() = [y ()7 4 (1= () 7] = [melal) 00 ()P (1= ()7




and
y/ (s
A(st)

Taking the ratio of aggregate output to aggregate labor, we get:

L(s") = [ke(s) P+ (1 = k)]

Y(st) B yf(st) [/ie(st)—(ﬁ—l) + (1 _ R)] piﬁl _ A(S ) [KE(St)_(p_l) + (1 . H)] pffl
L(s") y,cf((i)) [ke(sh) =P + (1 = k)] ' [ke(st)=P + (1 — k)]

Therefore, aggregate output satisfies Y (s!) = A(s;)A(e(s'))L(s!) with A defined by:

o = [&el_p—k(l—/{)]_fﬂ g
alo = { [ke=P + (1 — K)]Y/P } -0 e

The Ramsey planner must furthermore respect the heterogeneity that might occur across
sticky- and flexible-price firms within each period. We show that the effects of such hetero-
geneity can be captured solely by its impact on TFP: in particular, the multiplicative term A(e) in
the aggregate resource constraint (9) represents TFP loss due to misallocation of inputs across
sticky- and flexible-price firms. This term is otherwise known as the efficiency wedge (Chari,
Kehoe and McGrattan, 2007). To see how A captures misallocation more clearly, we provide the
following characterization.

Lemma 3. The function A : Ry — Ry is strictly concave and satisfies max.~o A(e) = 1. Further-
more, it attains its unique maximum ate = 1.

A(l) = max Ale) = 1.

Proof. Note that A(e) is a continuous function of e. The first derivative of A(e) is given by:

N I T
de _pA(f) f’% { [/{6*94—(1—/@)]1/%} }

where the last term satisfies:

ke (1) 4 (1 — g)] 71 1 B -
% { [ke=P=H 4+ (1 — k)] } = kA(e)re P! {[KE_p +(1-r)] to (ke P + (1 — k)] ! e}.

[ke=P + (1 — K)]Y/P

Therefore:

dA(e)

= kpA(e)e Pt { (ke + (1 — /{)]_1 - [/{el_p + (1 - /{)]_1 e} (116)
To obtain a maxima or minima, we set the first derivative equal to zero as follows:
Afe)e Pt {[Kﬁ_p +(1- /{)]_1 — [re P+ (1 - H)]il e} = 0.

71



Noting that both A(e) and e~*~! are strictly positive, this implies:
[ke? + (1 — k)] e (ke PT + (1 - /@)]_1 e=0.

Solving this for ¢, we obtain a unique solution of ¢ = 1. Furthermore, note that from (116),
dA(e)/de > 0 if and only if e < 1. Finally, we evaluate the second derivative of A(¢) ate = 1, and
find that it is unambiguously negative:

A1) = —pr(1 — k) <0

We conclude that the function A(e) attains a global maximum at ¢ = 1. The function A(e) is
strictly increasing in e when e < 1 and is strictly decreasing in e when ¢ > 1. Finally, the maximal
value of this function is given by:

max Ae) = A1) = {[ﬁi((l :Z)]pl } =1

e>0

as was to be shown. O

When monetary policy implements flexible-price allocations—that is, when it sets ¢ = 1 in
all states—then A(e) attains its unique maximum of 1. In this case, there is no misallocation
across firms and therefore no loss in production efficiency. On the other hand, when monetary
policy deviates from implementing flexible-price allocations—that is, when it sets ¢ # 1 in
some or all states—then in those states, A(e) is strictly below 1. In this case, the “active” use
of monetary policy leads to forecast errors of the sticky-price firms. Dispersion of prices across
sticky- and flexible-price firms implies misallocation of inputs and results in TFP loss.

The term A(e) therefore represents the consequence of using monetary policy in an active
manner. The benefit of using monetary policy, however, as mentioned previously, is that it can
serve as an imperfect substitute for the missing state-contingency of taxes.

A.14 Proof of Proposition 6

In any sticky price equilibrium, the aggregate price level satisfies

P(s") = [re(s)' 7P + (1 = k)] = [(1 — ) (P ; 1” h IjI4/((5’?:))

Using the fiscal implementation that sets (1 — 7,.) (%1) = 1, we have that the optimal markup

satisfies:

1

log M(s') = log [re(s")! ™7 + (1 — k)] 7 = . i ; log [ke(s")' 7 + (1 — k)]
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with p > 1. Therefore

log M(st) > 0 if and only if e(st) > 1,
log M(s!) =0 if and only if e(st) =1,
log M(s*) <0 if and only if e(st) < 1.

From our proof of Theorem 2, we show that (i) ¢(s') = 1ifand onlyif Z(s;) = Z(s'~1); (ii) €(s*) > 1
if and only if Z(s;) > Z(s*~1); and (iii) €(s*) < 1 ifand only if Z(s;) < Z(s'~!). The result stated in
Proposition 6 then follows.

A.15 Proof of Proposition 10

Optimal Monetary Target. We next provide a characterization of optimal monetary policy
in terms of the nominal interest rate.

Proposition 10. Directly following an arbitrary history, s'—, take three states sy, s, sy, such that
Z(se) < Z(sm) = Z(s71) < Z(sp), and A(sy) = A(sm) = A(sp). If shocks are i.i.d., then

i(s¢) < i(sm) <i(sp)
Proof. See Appendix A.15. O

Therefore the nominal interest rate should increase in states in which Z(s;) is high.
The Euler equation of the fictional household in (16) is given by:

UgL(St) ot t+1 Ug(StH)
Plsh) B(1+1i(s)) ; p(s Mm-
With ii.d. shocks, the expected marginal |utility of consumption,

D grijse (s UE () /P(s*1) is equalized across all future states, and hence we can
forget about it. Therefore the ratio is given by:

1+i(s) _ Ui (s)/P(s)
L+i(s’)  UZ(s)/P(s)

(117)

From our proof of Proposition 6, the aggregate price level that implements this allocation satis-
fies: W(sh)
P(s') = [re(s") P+ (1 — & L
(5) = [mels)' 7+ (1= R)] ™7 30

where we have used the fact that (1 — 7,.) (%1) = 1. The nominal wage satisfies:

73



Therefore the aggregate price level is given by:

L p(stl
P(s) = [re(s)" "+ (1 — k)] hi(s) )

Substituting this into (117)

1

Lti(s) _ Cls) " [re(s) P+ (1 —m)[ T e(s) !

L+i(s")  C()™7 [ke(s)t=P + (1 — k)] 77 e(s) 1

where we have used the fact that U (s) = C(s)™". Note that

1 1

[mﬁ(s)lfp +(1- ﬁ)] 1-p e(s)’l = {,%(5)1*96(8)*(1*/)) +(1— K)E(S)f(lfp)] s

Therefore

6(8’)’)71 > e(s)pfl

Next, note that C'(s) and L(s) jointly solve:

Thus

We next solve for the subproblem:

L(s")7 = x [me(s")1 7 + (1= 5)] 777 As0)! T A(e(s1) 7

L(s") = [[re(s) ™7 4 (1= 0)] 77 As0) T A(e(s) 7]

n

L(st) = [[me(st)1 7 + (1= )] 757 Afs) A (e(s) 7]

= x [re(s") = + (1 — K)] 777 A(sy),
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1+i(s)

Therefore:

14 i(s) _
L4i(s')  [re(s/)1=p + (1 — k)] 77 A(s')"LL(s')" |

where N
L) = [[He(st)l_p +(1—r)] T A(St)l_WA(E(st))_v} v

3
+‘:
2

Therefore

1+i(s) _ A(s) T [[He<8)1—p L1k
1+ Z(S/) A(s) === [[ﬁe(sl)lfp Y-k A(e(s’))*’y} = ()
Liisy AT [[rele) o+ (1 )] T A(s) ] e(s)




1+ 1i(s)
1+i(s’)

H,%(S)lpds)—(l—p) p . ﬁ)6<3>_(1_p)":~]_119 A(e(s))’y} ey

) 075 (1= ety O] T ety
Theorem 2 implies that with Z(s*=1) < Z(s) < Z(s'), we have that:
(8 > 73(5) >0

and that
e(s') > e(s) > 1

1+i(s) <1+i(s)

A.16 aggregatey

The demand function (4) further implies that the ratio of y*(s*) to y/ (s?) satisfies:

v (e
v\ plsh )

Next, we use the fact that aggregate output satisfies:

V(s = [m ()5 + (1 - )y () 5] a18)

Having already proven that y/(s') = y°(s)e(s*)?, we combine this with (118), and obtain the
following equilibrium relationship between y*(st) and Y (s?):

P

y(s") = Y (s)e(s') 77 [re(s) ' 7P + (1 — k)] =

B Appendix: Proofs for Section 7

B.1 Derivation of Implementability Conditions (45)

We derive condition (45). We take the household’s budget constraint in (44) for type i € I,
multiply both sides by A(s?), and use the household’s FOCs in (49) and (50) to substitute out
consumption and labor prices. Doing so, we obtain:
(I—mm) ;

UZ(St)ei(St) . Uz’(St) o (S ) :Ai(st)zi(stlst_l> B Ai<8t) Z Q(St+1‘3t)zi(st+1’8t) B

IR APK TR I
Ui(s)ei (") + ) T e

0 (st)

stt1|st

+AY(s") (1 +i(s" B (sTH) + A(sN) P(sH)T(s")
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where we let T'(s*) = T(s?) + (1 — m)II(s!)/P(s?) as before. Multiplying both sides by 8!1(s?),
summing over ¢t and s, and using the household’s intertemporal optimality conditions (54)-(53)
to cancel terms, we obtain:

ZZBt [ z z( t) + HL(lst)Ug(st)ez(S ) — U’L( )((11;:1:))0_1113&;; < Ué(SO)T,

where
T

! t ENTTE( VT
tfg«so)(un);;ﬁ (s U (s)T(s")

for all ¢ € I. Finally, using the solution and envelope conditions for the static sub-problem
described in Lemma 1, as well as the fact that individual allocations satisfy (17), we can rewrite
the above conditions as:

1—m o II(s?)
1+7. P(sh)

oD Bulsh) [Uén(st)%(@)c(st)JrUF( Jwi (g, s)L(s") = U (s") < U¢'(s0)T

where T is as in (20), for all i € I, as was to be shown.

B.2 Proof of Proposition 7

Necessity. Necessity of parts (i) and (ii) of the proposition follow from the same steps as those
used to prove Proposition 2.

In order to prove part (iii) we must first obtain an expression for real profits in terms of the
allocation and the monetary wedge function, ¢(s'), alone. We write aggregate profits, I1(s) in
the following way:

I(s') = (1 — k)Y (') + KIT3 ()

where I1/(s*) denotes profits of the flexible-price firms and I1°(s') denotes profits of the sticky
price firms in history s. Flexible-price firms profits are given by:

St f St 771 St
() = | (1= 7w ) = T35 | o) = Pl ((1 - (%) - W”)) (s

Y (s

where we have replaced p{ (s) using the flexible-price firm’s optimality condition (22). The
sticky price firms’ profits are given by:

1

(s = [ = mpis) = W oy = p(sty (1 =y (L) 7 2 VI ey
(s v(s)) T PEHAGD

This implies aggregate real profits can be written as:
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Next, we replace the real wage W (s')/P(s’) in the above expression using the representative
household’s intratemporal condition, equation (14). This gives us the following expression for
after-tax real profits:

Eﬁjg =3 — Zggj; ((1—@ i((j;) +ni((j:)) ) +(1-7) <(1—,~;) (@5((5;)) ”lyf(st)M(?;((j))()l ;j;s(st))

Multiplying both sides by (1 —7¢)/(1 + 7.) and using the definition of x(s’~!) in the text gives:

-1

S ()i 2 00 (1) e (F0) )

_ U (v 6D, () gy P (YN iy (VN s
= Tt (09 ) e, 25 (0 (3 ) v een( ) ven)
Multiplying the above by U (s'):

) remene 2 (1o (35) (53) )

Define ¢ as {=2. Then ¢ =70 gﬁiiﬁ = ¢"9Q(st) to get the expression in the text.

I (st
Q(sh) = (UF(st)<(1—n)Zil(( ))+,#j4

Sufficiency. Follows the same argumetn as in

B.3 Planner’s Problem Heterogeneous Equity Shares

The planner’s problem is now to choose ¢, C(s'), L(s), Y (s), y/(s!), and 3*(s*) to maximize (48)
subject to equations (9), (27), and (37). The planner’s Lagrangian can be written as, where:

£=3"5" Buls W (Y (s1), C(s1), L(s")s 0,1, )

+ D Buls)C (s {Y(s) - C(sh)}
t st

f St —1/p
+ 303 (s {x<st—1>ve"<st> (V) ot <3t>A<1st>}
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And W7 =W + §Q(st) 3 wlviot. The first order conditions with respect to y*(s?) is:

-1

WEL (") + ¥ (Y (sh)rry (s) 7+ ¢E(s)

The first order condition with respect to 3/ (st) is:

f t 71/P71 1
y’ (s )) _o

o (sl ()Y (s (s 7 (1—sr)o (s1) 7 Lst(l_“)_ Stl m( Yy (gt
7 (! ()46 (Y (1) (1= (1) 7 () (OB N (s o

A(st)
Multiplying each by y*(s*) and y/ (s?) respectively, and adding these two equations together
gives you:

Fraty\ — /e
y’(s") ~0

(120)
Note that Wy, (s")y*(s") + W;’f(st)yf(st) = 0Qr,(sHUP(s") + UZ(s")Y (s')0Qyy(s'),where
Qr,(s") and Qy,(s') are defined as:

Wy (s')y™(s") + Lf-f(st)yf(st)Jrcy(St)Y(St)+<L(St)L(8t)—f(st);Ué”(st)x(st_l) <

f(st s(gt o
Qry(sh) = <(1 — H)zfq((st)) + K{/él((st))) Zﬂldlllz

Qyy(s") = x(s"") <(1 — k) (?éf(ff))) o + n(?z((j))

Then equation (120) can be rearranged in the following way:

p—1
’ Zzzz
TV o

Y (st) L (st) + 5QLy(st)U£”(st)L(st)_1
sty L
Y (1) + 80 (U (1) — £(s) 20 (sx(s1) (2) ™" v (st

The first order condition with respect to Y (s?) is:

fst —1/p
my(st)U@"(st)—<Y<st>+<0<st>+,1)£<st>x<st—1>U8‘<8t> (y >> V) =

Where,

i1 2 10 (1) 4o(588) ) S

The first order condition with respect to C(s?) is:

Frgty\ ~V/P
Wels) = <€) 4 6602 (ot ) (st + 800U (s) =0
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cte) = 1)L (0 (20) 7 1 n (D)) i

Finally, the first order condition with respect to L(s?) is

W (s") 4+ 6L (s UTL(s") — <" (s") + 5(‘(’j)UFL(St)A(lst) -

Where,

st s(gt o
Qp(s') = <(1 - ﬁ)gilést)) + Hgil((st))> szulal

Plugging all of these into the expression above gives:

y(s) Up (s1)0Q() + 00, U (s L(s) ™+ &(sHUF () ey + Wils?)

60y (s U (51) + Wi (st) + 0Qyy (s U (s) + (s Uk (s) (y;gjf)))*l/ "X (s1) 4 89081 U (s1)

Note that UZL.(s")C(s') = —UZ(s') and U} (s')L(s') = nU;*(s'). The above can be re-
written as:

\

ALy i U (s) ¢(gty_ 1 Ui (s') t ty—1
Y(st)  UP(s!) <Z“’L(St’ )[so'iJF”(l“?)]Jr v € ae + Ty 00 (s) + 00, L(sT)

_ /

Um St P i . m_ (gt st —l/p
OV (S (o) |2+ - )|+ D2t ()7 0(611) 4 0020(6) LD 460y ()

Therefore, the optimal monetary wedge in this case is:

. i . m (gt st -1/p _
) ()| 34040 =) + e ()7 a6+ 0 S + 00, 01
(1-rip) =

m

(z it (51, 9) [3 + i1+ 77)} + Yl e (st)hs + PN 50 (s1) + 5QLyL(st)—1>

Using the definition of inequality, Z(s') from the text, the optimal wedge can be written as:

T S st / _ m (gt
Te(st™1) + Bglhe(sh) ($53) 7 4+ x(s) 1(5QC(St)%+5QYy+5Qy>
(L—7y) = — (121)
(I(st)+ L (1) gy + G 00 (s )—I—éQLyL(st)l)

Note that when 7}, = 0, it must be that y/(s') = y*(s') = Y(s!) and Y (s!) = A(s')L(s).
Therefore,
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IO’(St) _ fc(st_l) + <2p _ (1 + 77)5) ZWZVZUl . (’Y+77)5(8t)

Therefore, we have that:

_ S o\ —1/
Fras —1/p Te(st1) + UCUC,(N,S )é(st) (%f((;))) ’ +x(sH) 7 6Q¢(s )UCC(S ) 0Qyy + 0Qy
A(se) (y (s )) i

<z(st)+ U (51) iy + TSR 00 (5) + 00, (st~ >

oo Um(shy 1 U (sh) ¢ t— ¢ t y'(s") e _
<I(s ) + L(;}Jn £(s )A(st) + ULL"f(st) 0Q(s") + 0y L(s") 1>L(s JA(s") (Y(St)> =

_ m St fst —1/p m St
V() el )+ e (57) ) (s P a0 ) () )

Ug
Using that fact that we have assumed G(s?) = 0 and therefore Y (s*) = C(s!) :

L(s)A(s")Z(s") + &(s")n +1dQ(s") + 6, =

y/(s") Ve ST (st 1) —~e (st st ot Ulic(s") ot ot y/(s") e st
() Vel et (e G rany, (i ) ) (5 ) V)
Then,

dy o SE0M ) moQu(sh) | 0y (sh)
2+ LAl T LAR) T LEDAE)

A
( f((jf)) ) v L(Y)(Ag) (fc<s“> £ (s <5QC(3t) Uénggt) 80y () + my<st>)>

1 t
Recall that (Y((St))> /e Y(s) 1

r E(s(n+7) | noQ(sh) 0Qry(sh)
) F LA T IEARE) T LA

(1) (fc<st—1> (st <mc<st> Ueels) | say, (s + 59y<st>)>

U

o st 5 (5" 0y (s o = -
Define ¢7(s!) — i((st))(zag + ]j?( )2(52) + I )fg(st and define Q7(s!) = [(1/)_71)”} ((1 _

K) (%;éj:;) " 4k (@g;) ’ ) S wivia’ . Then the above becomes:
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T(sh) 4 €7(s") — (1 — i)~ (Ic(st_l) n m”) = g(T(s"), ) = 0

By the implicit function theorem,

dry, dg(.)/I(st) 1
I(st) — dg/dr, o (st . -
WO g (T o) - (- i
So for Id(?f) > (, it must be the case that the denominator is negative.

First, we solve for £(st).
From the first order condition with respect to C(s*) and Y (s!) :

ty _ tNTrm ot Lo s t—1\yrm/ t yf(St) e 1
V(") = 8y (s")UE (s") + ;5(5 )x(s"HUE(s") (Y(St)> Y (s

Y (o) = 60 (HUZ (") + Le(st (st U f)( VN L s
¢ (s") =6y (s")Up (s psxs o(s Y () Y () &8s )Ze

t 1/p m( ot
<y St ) t—l) _ 7590(5t> UC (S )
S

From the first order condition with respect to 3*(s*) and y/ (s*) we have that:

L=8) v (v (s (1 — my(s) Y

§L(st)M T(s") = =Wy (shy! (s1) K y°(s)

A(St) Y Y

Then the first order condition with respect to y/ (s?) is:




Solving for £(s?):

Defining g]f(st) = % and ?(st) = A(Egi()st), the above becomes:

Lst) i (s — (s T V(= — 1~f8t 1yl ()17
s (@067 =77 )6 =+ 236 s ()

— (a6 -2e 1= (#(97 -°6) 7 ) - (W -wp o )
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